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We consider long-lived agents who interact repeatedly in a social network.
In each period, each agent observes a private signal, chooses an action, and
then observes the actions of her neighbors. We show that the learning rate of
the slowest-learning agent is capped by a constant that depends only on the
distribution of the most informative private signal, but not on the number of
agents, the network structure, correlations between the private signals, or the
agents’ strategies. Applying this result to equilibrium learning with rational
agents shows that the learning rate of all agents in any equilibrium is bounded
under a broad class of conditions. The result is driven by an information-

theoretic tradeoff between optimal action choices and information revelation.
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1. Introduction

Do large social networks lead to fast learning when people repeatedly watch one another’s
actions? The pool of private information grows with the network size, thus learning should
accelerate as networks grow. This simple intuition turns out to be false. We identify a
social learning barrier: under a broad class of conditions, the rate at which the slowest-
learning agent learns is capped by a constant that depends only on the distribution of
the most informative private signal. The cap does not depend on how many agents
there are, how they are connected, whether signals are correlated across agents, or how
agents behave. The barrier is thus not driven by a lack of links in the network or by
incentives, but by a fundamental information-theoretic tradeoff. Observational learning

in social networks fits economic applications such as product choice, technology adoption,
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and opinion formation. Designers of such networks can structure who observes whom or
recommend actions. Our results show that attempts to accelerate learning through such
interventions face a hard limit.

In our model, long-lived agents interact with one another in a network over infinitely
many periods. The state of the world is fixed but unknown. In each period, each agent
receives a private signal about the state, chooses an action, and then observes the actions
of her neighbors. An agent’s flow utility in a period depends on her action and the state,
but not on the actions of other agents, and is unobserved. We quantify learning by how
fast the probability of suboptimal action choices vanishes.

In large networks, the total amount of private information is vast. Under fully efficient
information sharing, all agents would surpass any desired learning rate as the network
size grows. However, our main result (Theorem 1) shows that information aggregation
fails: there exists a constant such that for any number of agents, any network structure,
and any strategies, some agent learns no faster than this constant. The constant depends
only on the distribution of the most informative private signal. Thus, even a social
planner who can dictate the agents’ strategies cannot achieve uniformly fast learning.
For example, consider agents who aim to match a binary action to a binary state, and in
each period, receive conditionally independent binary signals that equal the state with
probability 75%. Then, among 100 agents who observe each other’s actions, there is
always some agent who learns more slowly than each one of 5 agents who observe each
other’s signals, regardless of how the 100 agents behave. This means that observing
others’ actions aggregates a negligible fraction of the private information in the network
at best.

To see the mechanism behind this result, take the perspective of a social planner who
can design the agents’ strategies.! The planner’s goal is to maximize the rate at which
the probability of suboptimal action choices vanishes. In our model, this corresponds to
maximizing the learning rate of the slowest-learning agent. The strategies must trade
off two competing objectives: on the one hand, the probability that an agent’s action
is suboptimal must vanish rapidly; on the other hand, an agent’s action choice must
contain information about her private signals. To achieve significantly faster learning
than a single, isolated agent, the first objective requires that an agent’s action rarely
depends on her private signals. But this is incompatible with the second objective, which
requires the opposite. In fact, strategies that depend on the agents’ private signals too

infrequently result in information cascades similar to the “rational herds” of Bikhchandani,

IFor example, in online social networks, the platform can significantly influence the users’ behavior,
similar to our imaginary social planner, by curating the information shown to users and making

personalized recommendations.



Hirshleifer, and Welch (1992) or the “rational groupthink” event of Harel, Mossel, Strack,
and Tamuz (2021).

However, the above tradeoff is not absolute. We show that a social planner can design
strategies for which each agent learns faster than an isolated agent. This learning rate
approaches the universal upper bound as networks grow in size (Theorem 2).> For com-
plete networks, the strategies prescribed by the planner are simple: each agent follows
her past private signals if those decisively favor one of the states, and otherwise she copies
the action that was most popular among all agents in the previous period. This allows all
agents to learn faster than an isolated agent since most agents’ actions are informative
about their private signals in most periods.

We then turn to equilibrium learning by rational agents who geometrically discount
future payoffs. An imitation argument of Huang et al. (2024) shows that all agents learn at
the same rate in any equilibrium and any strongly connected network.? Hence, there is no
difference between a bound for the slowest-learning agent and a bound for all agents. This
allows us to recover the results of Harel et al. (2021) and Huang et al. (2024)—showing
that all agents learn at a bounded rate in any equilibrium for any number of agents in
any strongly connected network—under a broader class of conditions.* More importantly,
the main new conceptual insight is that the bound on the learning rate arises not from
equilibrium strategy restrictions, but from an information-theoretic tradeoff. Since our
bound applies to any strategies, it also holds for equilibrium learning under different
behavioral and informational assumptions. Examples include misspecified agents and
settings where a social planner moderates the information agents receive about other
agents’ actions.

Finally, we demonstrate that the failure of information aggregation persists even when
agents observe their neighbors’ signals in addition to their actions. In complete networks,
all information is then public, and rational agents learn at the first-best rate. However,
a common feature of social networks is that each agent has a small number of neighbors
compared to the network size. As a corollary of our main result, we show that the size of
the largest neighborhood controls the equilibrium learning rate. That is, in any equilib-

rium for any number of agents in any strongly connected network, each agent’s learning

2Theorem 2 requires that the signals are conditionally independent and identically distributed across
periods and agents and that the network is strongly connected (i.e., there is a directed path from any

agent to any other agent).
3See Huang et al. (2024, Lemma 2) for the imitation argument with geometrically discounting agents.

Similar imitation principles are common in the literature (see, e.g., Smith and Sorensen, 2000; Gale

and Kariv, 2003; Golub and Sadler, 2017).
4For example, we do not assume that the set of actions is finite, that the signals are conditionally

independent across agents, or that each signal has bounded informativeness.



rate is capped by a constant that only depends on the size of the largest neighborhood
and the distribution of the most informative private signal.’

These results lead to four main insights. First, observational learning in networks fails
to efficiently aggregate information, even when a social planner designs the agents’ strate-
gies. Second, a small amount of information is aggregated: suitably designed strategies
allow each agent to learn faster than an isolated agent. Third, limits to the equilibrium
learning rate are not primarily driven by incentives. And fourth, even observing neigh-
bors’ signals improves learning only immaterially in networks with small neighborhoods.

The rest of the paper is structured as follows. Section 2 discusses related work and
Section 3 introduces the model. In Section 4, we recall known results on learning by
an isolated agent and with publicly observable signals. Section 5 states the main result,
explains the ideas underlying its proof, and shows that the established bound on the
learning rate is tight. Section 6 applies this result to learning in equilibrium with ge-
ometrically discounting agents and considers the model variation where agents observe
their neighbors’ signals and actions. Section 7 outlines the proofs of the main results.
Section 8 concludes with a discussion of modeling assumptions and future directions. All

proofs are in the Appendix.

2. Related Work

Most of the literature has focused on equilibrium learning, non-Bayesian agents, non-

recurring private signals, or sequentially arriving agents.

2.1. Equilibrium Learning in Networks

Studying models with multiple periods and long-lived rational agents is challenging.
Agents may choose suboptimal actions today to induce other agents to reveal infor-
mation tomorrow. In recent work, Huang et al. (2024) show that in the same model as
in the present paper, the rate of learning of any agent in any equilibrium is bounded in-
dependently of the number of agents in strongly connected networks. This result follows
from the following elegant argument: if an agent’s neighbor learns much faster than in
autarky, she will ignore her private signals and imitate her neighbor, so that her actions
cease to reveal information about her private signals; in a strongly connected network,
this reasoning extends inductively to all agents; but then all agents eventually ignore

their private signals, learning stops, and a contradiction is reached.

For this result, we assume that the signals are conditionally independent across periods and agents,

and agents are rational and geometrically discount future payoffs.



Harel et al. (2021) obtain a similar conclusion in a restricted setting with myopic
agents and networks in which each agent observes all other agents’ actions. They use
large deviations theory to derive their result, and their work is methodologically closer
to ours. Both papers rely on agents being fully rational, playing equilibrium strategies,
and either geometrically discounting future payoffs or being myopic—assumptions that

our results show are not necessary.

2.2. Non-Bayesian Learning

Because of the difficulties arising from Bayesian learning with repeated interactions, the
literature has focused on learning heuristics and non-Bayesian agents. The literature
following DeGroot (1974) assumes that agents observe each other’s beliefs and form to-
morrow’s belief via an updating heuristic such as linear aggregation (see, e.g., Golub
and Jackson, 2010). Another approach is to relax the assumptions that agents are fully
Bayesian. For example, Bala and Goyal (1998) assume agents respond rationally to pri-
vate signals and others’ random payoffs but ignore the informational content of others’
actions. Meanwhile, the agents in Molavi, Tahbaz-Salehi, and Jadbabaie (2018) use a
heuristic: they combine past beliefs and then update that aggregate belief rationally

based on their private signals.

2.3. Non-Recurring Private Signals

Another strand of the literature, starting with Geanakoplos and Polemarchakis (1982),
Bacharach (1985), and Parikh and Krasucki (1990), considers models in which rational
and long-lived agents receive a private signal once in the first period and repeatedly
observe the actions of other agents, and studies whether agents converge on the same
action. Gale and Kariv (2003) allow for social networks in which agents observe their
neighbors’ actions and show that eventually, all agents converge on the same action. In
the same model, Mossel, Sly, and Tamuz (2014, 2015) study the probability that agents
converge on the correct action as the number of agents goes to infinity and show that
it depends on the network structure. Vives (1993) considers a continuum of agents with
a continuous action space and shows that information aggregation can still be slow if
observations of actions are noisy, as in the case of observed market prices. In contrast to

our model, agents do not receive private signals in later periods.

2.4. Sequentially Arriving Agents

In the classical herding model (Bikhchandani, Hirshleifer, and Welch, 1992; Banerjee,

1992; Smith and Sorensen, 2000), agents arrive sequentially, observe a private signal



as well as their predecessors’ actions, and take an action once. Learning can fail in this
setting since rational agents may ignore their private signals and follow their predecessors’
actions, leading to herding on the wrong action. The analysis of this model is substantially
different from the present model. First, since each agent acts only once, informational
feedback loops need not be considered. Second, each agent receives only one private
signal, so that rational agents may fail to learn the state in the limit.

Rosenberg and Vieille (2017), in an unpublished draft of a later paper (Rosenberg and
Vieille, 2019), consider a social planner who can dictate the agents’ strategies. They
demonstrate that the planner can achieve efficient learning (in the sense that the ex-
pected number of agents failing to match the state is finite), even if the distribution
of private signals is not informative enough for efficient learning in an equilibrium with
rational agents. Hence, the inefficiency of equilibrium learning arises from strategic incen-
tives rather than a more basic, information-theoretic tradeoff, which contrasts with our
results. Relatedly, Arieli, Babichenko, Miiller, Pourbabee, and Tamuz (2025) consider
condescending agents who underestimate the quality of the other agents’ private signals.
This misspecification decreases the probability of herding on the wrong action and im-
proves learning compared to the well-specified case if condescension is mild. Thus, they
recover the result of Rosenberg and Vieille (2017) since a social planner could instruct
agents to behave as if they were condescending. Harel et al. (2021) conjecture that the
same misspecification improves learning in the present model as well. Our results show
that its benefit can be small at best. Smith et al. (2021) study a social planner who aims
to maximize the discounted social welfare. These works are similar to our approach in
spirit.

In a variant of the herding model, the state changes stochastically over time (Moscarini,
Ottaviani, and Smith, 1998; Lévy, Peski, and Vieille, 2024; Huang, 2024). We maintain
the assumption that the state is persistent throughout. A recent survey of Bikhchandani,
Hirshleifer, Tamuz, and Welch (2021) summarizes the work on models with sequentially

arriving agents.

3. The Model

Let N = {1,...,n} be the set of agents and let T = {1,2,...} be the set of periods.
Each agent has the same possibly infinite set of actions A and chooses an action in each
period. If z is a vector indexed by N and ¢ € N, then z* denotes its i-th coordinate, and
if x is indexed by 7" and ¢ € T, then z; is the ¢-th coordinate, x<, is its restriction to
the periods {1,...,t}, and z_; is its restriction to the periods {1,...,t— 1}. There is an

unknown state w, taking values in a finite set (). Generic elements of ) are denoted by



f, 9. We denote by mp € A(Q2) the distribution of w, and assume that it has full support.
For a state f € Q, we write P¢ () =P (- | f) and E; (-) = E(- | f) for the corresponding

conditional probability and conditional expectation.

3.1. Agents’ Payoffs

All agents have the same utility function u: A x 2 — R that depends on their own action
and the state, and u(a,w) is an agent’s flow utility for choosing the action a in any period.
An agent’s utility is independent of other agents’ actions, so the interactions between the
agents are purely informational. We assume that the optimal action a; for every state

f € Q exists and is unique.

{as} = arg rgleaj(u(a,f)

We also assume that ay # a, for any two distinct states f,g € Q.° We say that a, is
the correct action and any other action is a mistake. The requirement that no action
is optimal in two different states avoids trivial cases, and the uniqueness of the optimal
action for each state precludes agents from encoding information in the selection of the
optimal action. This tradeoff between choosing the correct action and communicating
information about private signals is the main tension in our model. We explain this in
detail in Remark 1. On the other hand, a single action choice can contain an arbitrary
amount of information since A can be infinite, which makes our result establishing an
upper bound on the learning rate stronger. Since we quantify learning by the probability
of choosing the correct action, the sole role of utility functions is to identify the correct
action. More fine-grained characteristics of the utility functions only become relevant

when analyzing equilibria with geometrically discounting agents (cf. Section 6).

3.2. Agents’ Information

The prior distribution my is commonly known. In each period ¢ € T, each agent ¢
privately observes a signal si from a set of signals S, which is assumed to be a standard
Borel space. Conditional on each state f, s! has distribution p’} € A(S) and s, = (5!)ien
has distribution py € A(SY) for each ¢t € T, and (s;),er are independent conditional on
w. That is, signals are conditionally independent across periods but not necessarily across

agents. We assume that jiy, 1, are mutually absolutely continuous for any two states f, g,

6The assumption that all agents have the same utility function is purely for notational convenience. All
proofs remain valid with the obvious adjustments provided each agent’s utility function satisfies the
preceding genericity assumptions and the agents know each other’s utility functions (or at least each

other’s optimal actions in each state).



so that no signal excludes any state with certainty. Observing the signal realization s € S

changes the log-likelihood ratio of the observing agent ¢ between the states f and g by

(s)

L (s) =log —
f,g( ) d,u;

Let 0, = (} ,(s}) for any pair of states f, g and any agent i. We assume that ¢} , is not
identically zero and that its cumulant generating function /\’]}7 g(z) =logE <ez£3"9> is finite
for each z € R and any two distinct states f,g. This assumption allows us to liberally
use results from large deviations theory, and is satisfied, for example, whenever éjf’g is
bounded or if § = R and uﬁc is a normal distribution with the same variance for each
state f.

The private signals of agent ¢ up to any period ¢ induce the private log-likelihood ratio

’J}’g’t = log % + ;ﬁ ,g(sfn)

Each agent i observes the actions of her neighbors N C N, and we assume i €
N? so that each agent observes her own action. The directed graph induced by these
neighborhoods is called the network, and we assume that it is common knowledge among
the agents. A network is strongly connected if there is an observational path from any
agent to any other agent, and complete if each agent’s neighborhood is V.

Agents do not observe each other’s signals. Moreover, agents know their utility function
(and thus everyone’s utility function) but do not observe the flow utility u(a,w) of any
agent, including themselves. The latter assumption shuts down experimentation motives
and is common for models of learning without experimentation. Our formulation includes
a model in which agents receive noisy signals about their flow utility today through
tomorrow’s signal.” In Remark 4, we explain that the assumption of unobserved utilities
can be weakened substantially.

Thus, the information available to agent 7 in period ¢ before choosing an action consists
of the actions of all of i’s neighbors in all previous periods and i’s signals in all periods
up to and including ¢. We say that AN *(¢1) is the set of public histories of agent i, S
is the set of private histories for each agent, and I;t = 5t x AN'™*(=1) g the collection of

information sets of agent ¢ before choosing an action in period t.

"Formally, consider the case that agent i’s flow utility for action a in period ¢ is i(a, si 41) for an action
and signal-dependent utility function @: A x S — R. Agents thus observe their flow utility in period ¢
through their signal in the next period. If we define u(a, f) = E; (ﬂ(a,si)), then both models are
equivalent in terms of expected payoffs at the time of choosing an action. This connection has also
been noted by Rosenberg, Solan, and Vieille (2009), Harel et al. (2021), and Huang et al. (2024).



3.3. Agents’ Strategies

A pure strategy for agent i is a sequence 0* = (0})er of measurable functions o} : b, — A
from 4’s information sets in period ¢ to the set of actions, and a pure strategy profile
o= (c',...,0") consists of a strategy for each agent. A pure strategy profile o induces
a random sequence of action profiles: for each i, ai = oi(s!), and for each t > 1,
ai = oi(siy; (al,)jent), where i's public history (a’,)jen: is given by the actions of her
neighbors in the periods preceding ¢t. For i € N, ¢t € T, and H<; € AV*! we denote by
S{(Hey) = {si, € S':Vr < t,0%(sL,; (HL,)jens) = Hi} the set of those trajectories of
i’s signals consistent with H<;, and write S(H<;) = [[;cy S'(H<;) for the trajectories of
signal profiles consistent with H<;. Thus, play follows H<; if and only if each agent i
receives signals in S'(H<;).

We say that agent i makes a mistake in period ¢ if a} # a,,, and that i learns at rate r

if
o 1 ;
r= htrgglf—g log P (at +# aw)

rt+o(t) 8 Note that learning

If the limit exists, the probability of a mistake in period t is e~
twice as fast corresponds to achieving the same mistake probability in half of the time.
This definition of the learning rate is standard in the literature (see, e.g., Vives, 1993;
Hann-Caruthers et al., 2018; Molavi et al., 2018; Rosenberg and Vieille, 2019; Harel et al.,
2021; Huang et al., 2024). We emphasize that, for finitely many agents, it coincides
with a quantitative definition that measures the expected utility difference between the
correct action and the chosen action.” For any fixed number of agents, the lowest rate
of any agent determines how fast the expected number of mistakes per period vanishes,
since the exponential with the smallest negative exponent dominates in the long run.
Thus, the rate of the slowest-learning agent measures the rate of learning in the network.

Moreover, any bound on the rate of learning for pure strategies entails the same bound for

8We use the asymptotic notation o(t) for a function that grows slower than t as ¢ goes to infinity. That
is, ¢(t) € o(t) if lim;_0e 22 = 0.
9An alternative, more quantitative asymptotic definition of the learning rate considers the rate at which

the expected difference between the utility of the correct action and an agent’s action goes to 0, i.e.,
lim inf 1 log E (u(aw,w) — u(aj,w))
t— 00 t g w? t

For finite action sets, both definitions coincide. Indeed, liminf;, o —+1logE (u(ay,w) — u(a},w)) =
liminf; o —% log ¢;IP (ai #* aw) = liminf;_,o —% log P (ai #+ aw) for some ¢; between the minimum
and the maximum of the set {u(ay, f)—u(a, f): f € Q,a € A\{ay}} for each t € T. For infinite action
sets and a bounded utility function, the learning rate is weakly higher for the quantitative definition
and may be arbitrarily high even when the qualitative learning rate is 0. Hence, the qualitative

definition of the learning rate is most reasonable with finitely many actions.



mixed strategies for the same instance with a larger signal space and an additional signal
component that is uninformative about the state.!’ Hence, restricting to pure strategies
entails no loss in generality, and we do so throughout.

All notation is summarized in Appendix D.

3.4. Leading Example

The following simple instance of the model already presents most of the arising com-
plexities and can serve as a leading example. There are two states and two actions, say,
Q={f,¢9} and A = {ay,a,}. Each agent has utility 1 for matching the state and 0 for
failing to match the state. The network is complete. The signals are binary (S = {sy, s,})
and conditionally independent and identically distributed across periods and agents, and
each agent’s signal in each period matches the state with probability p for some p € (%, 1)
(i.e., pf(sy) = p and p;(sy) = p). We illustrate our results using this example at the end

of Section 5.

4. Autarky and Public Signals

We revisit two settings as benchmarks: a single agent learning in autarky and several
agents observing each other’s signals.
For a single agent ¢ who chooses actions optimally, it follows from classical large devi-

ations results that
P (a} # a,) = e "atto®

for some r? > 0 depending on the signal distributions (,u}) sea.rt Thus, the limit

7

limy 00 —% logP (ai # a,,) exists and is equal to r’ ., which we call i’s autarky learn-

10More precisely, replace the signal space S by S = S x [0,1], and for each state f, let fiy be the product
distribution on SV with marginal 7 with respect to SV and the uniform distribution on [0, 1]V as
its marginal with respect to [0, 1]". We may choose the signals’ second coordinates so that they are
independent of the state and any other signals. Then, the informativeness of each agent’s signals
remains unchanged, and the signal profile distributions remain mutually absolutely continuous and
conditionally independent across periods. The second coordinate of a signal in S can be used to map
any mixed strategy o for the instance with signals in S to a pure strategy & for signals in S that
is behaviorally equivalent, i.e., conditional on each state, the induced distributions of sequences of
action profiles (i.e., distributions on AV*7) are the same for o and 6. Likewise, for each pure strategy

profile with signal space S, there is a behaviorally equivalent mixed strategy profile with signal space

S.
HFor a proof of this result, see Dembo and Zeitouni (2009, Theorem 2.2.30) or Harel et al. (2021, Fact 1)

in the present context for the case of two states. We provide more details in Appendix B.

10



ing rate. Note that the agent learns the state in the limit since the autarky learning rate
is positive.

Now consider any number of agents with publicly observed signals. For signals that
are conditionally independent and identically distributed across periods and agents, the
signals of n agents in a single period are as informative as those of a single agent over n
periods. Hence, n agents observing each other’s signals and choosing actions optimally
learn n times as fast as a single agent in autarky, and the rate of learning is nr,,;, where

i

+ut does not depend on .

Taut = T
P (a; # a,) = e~ Prauttto(t)

Note that the learning rate grows linearly with the number of agents and thus becomes
arbitrarily large as the number of agents grows. With signals that are not conditionally
independent across agents, even two agents can learn much faster than a single agent with
the same distribution of private signals. For our leading example (cf. Section 3.4), if the
probability that both agents simultaneously receive a mismatched signal is sufficiently

low, then an observer of the joint signals can achieve an arbitrarily high learning rate.

5. Coordinated Learning

We study how fast agents can learn from observing their private signals and their neigh-
bors” actions. We take the perspective of a social planner who can design the agents’
strategies and aims to maximize the learning rate of the slowest-learning agent.

We show that the learning rate of the slowest-learning agent is bounded by a constant
that only depends on the distribution of the most informative private signal. It is, how-
ever, independent of the number of agents, the network structure, correlations between
the signals, and the strategy profile imposed by the social planner. Hence, information
aggregation breaks down even in the favorable case when strategies are not constrained
by incentives. The driving force is a fundamental tradeoff between choosing the correct
action and using actions to communicate information. More precisely, each agent’s strat-
egy must trade off between choosing the action that is most likely to be correct today
and using actions to inform other agents about her private signals to lower their mistake
rates tomorrow. The result shows that it is impossible to achieve both objectives to a

high degree simultaneously.

Theorem 1 (Learning is bounded). For any number of agents n, any network,
and any strategies o',...,0", some agent learns at a rate of at most rpqq =

min;_, max;ey E; (ﬁ’}’g) .

11



In other words, for any strategy profile, there is some agent ¢ such that for each € > 0,
we have P (a! # a,) > e~ ("aat9)t for infinitely many periods ¢. So fast learning by some
agents always comes at the cost of other agents’ learning. It is clear from the expression
for rpqq that it only depends on the marginal signal distributions ,u’} and is determined
by the two states that are hardest to distinguish. Section 7 provides an outline of the
proof of Theorem 1.

To provide some intuition, we discuss two policies that a social planner may try to
use to achieve a uniformly high learning rate. In the first, each agent randomizes each
period: with probability 10%, the agent’s action choice reveals all of her information to her
neighbors; with probability 90%, she chooses myopically optimal given her information.'?
These strategies provide each agent with all information (including everyone’s private
signals) about all but the most recent periods with high probability. Hence, the mistake
probability is close to the public signal case in 90% of periods in the limit. However,
each agent is likely to make a mistake in the remaining 10% of periods, so that the
probability of mistakes does not converge to 0 and the learning rate is 0. The second
planner policy tries to improve on the first through less frequent information revelation.
Now the probability that an agent’s action in period ¢ reveals all of her information is, say,
e 10 otherwise the strategies are as above. Thus, revelation periods are exponentially
unlikely and do not prohibit learning at a rate above 7,44 (assuming 10 > 7,qq). However,
the total number of revelation periods is almost surely finite under these strategies by
the Borel-Cantelli lemma. So, information revelation always ceases eventually, and the
agents eventually behave purely myopically. In the first example, enough information
is revealed to allow for fast learning, but the revelation induces too many mistakes; the
opposite holds for the second example. The proof of Theorem 1 shows that no planner
policy can provide enough information revelation to facilitate fast learning while avoiding
too many mistakes in the process.

We remark briefly that Theorem 1 can be upgraded to a statement about the fastest-
learning agent’s rate in symmetric situations. Indeed, for any symmetric distribution
of signal profiles, any symmetric network, and any symmetric strategy profile, all agents
learn at the same rate.'® The canonical example for this situation is the complete network
with signals that are conditionally i.i.d. across periods and agents and the same strategy
for all agents. It then follows directly from Theorem 1 that no agent can exceed the rate

Tpad- This gives one answer to a conjecture of Harel et al. (2021), who speculate that

12Recall that we allow the set of actions to be infinite, so that a single action choice can encode all

information available to the agent.
13An automorphism of a network is a permutation of agents that preserves neighborhood relations.

Then, a network is symmetric if for any two agents 7 and j, there exists an automorphism mapping

1 to J.
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a social planner can improve learning by instructing agents to overweight their private
signals. The intuition is that the actions become more informative about private signals
and so provide more information for future periods.!* The preceding remarks show that,
assuming symmetry, the benefit of such a planner policy cannot exceed rp,4q. In Section 6
we discuss another case in which Theorem 1 can be upgraded to a statement about the
fastest-learning agent’s rate.

Theorem 1 is tight in two respects. First, without additional assumptions on the
strategies, the statement cannot be lifted from one slow-learning agent to all agents
learning slowly. Indeed, it is easy to construct strategies for which a large fraction of
agents learn very fast if there are many agents. Consider the leading example from
Section 3.4 with the following strategies: in each period, each odd-numbered agent chooses
the action that matches her private signal in that period, and each even-numbered agent
chooses optimally based on the actions of the odd-numbered agents. Then, the odd-
numbered agents do not learn at all, and each even-numbered agent learns at a rate of
5Taut, Which grows linearly with the number of agents.

Second, the upper bound on the learning rate r,qq of the slowest-learning agent cannot
be improved. This is the content of our second result. In its proof, we construct strategies
for which all agents learn at a rate close to rpqq or faster, provided the agents’ signals are
conditionally independent and identically distributed, the network is strongly connected,
and the number of agents is large. Since 7Tpqq > Taut, this shows that coordination can

improve the learning rate of all agents.

Theorem 2 (Coordination improves learning). Assume the signals are conditionally in-
dependent and identically distributed across periods and agents. For any € > 0, there is
ng such that for all n > ng and any strongly connected network, there exist strategies

ol,...,0" such that each agent learns at a rate of at least Tpqq — €.

In other words, for any positive €, there exist strategies so that P(a! # a,) <
e~ (moaa—9t+ot) for each agent 7 if the number of agents is large enough. The assumptions
that the signals are conditionally independent and the network is strongly connected are
both needed.'> We sketch the proof of Theorem 2 in Section 7.

14The conjecture is also supported by results of Arieli et al. (2025), who show that, in the classical herding
model where agents arrive sequentially, moderate condescension—a misspecification where agents
overweight their private signal but are otherwise rational-—can significantly improve the efficiency of

learning.
I5First, if the agents’ signals were perfectly correlated instead of conditionally independent, no agent

could exceed the autarky learning rate since even observing other agents’ signals would give no
information beyond the agent’s private signals. Second, in networks that are not strongly connected,
some agents may have no neighbors, in which case they have no more information than a single agent

in autarky.
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Figure 1: Bounds on the learning rates for the example in Section 3.4. The horizontal axis corresponds
to the parameter p determining the informativeness of the signal distributions. Higher values
of p correspond to more informative signals. The vertical axis indicates the rate of learning:
Taut 18 the learning rate of a single agent learning in autarky obtained from Proposition 1 in
Appendix B; rpqq is the upper bound on the learning rate of the slowest-learning agent in
an arbitrary network and with arbitrary strategies obtained from Theorem 1; and for any
strongly connected network with a large number of agents with the strategies described in

the proof of Theorem 2 (and sketched in Section 7), each agent learns at a rate close to rpqq.

We illustrate the bounds from Theorem 1 and Theorem 2 for the example in Section 3.4.
Recall that there are two states f and g and two signals, and each agent’s signal in each

period matches the state with probability p € (%, 1). A calculation shows that
i\ i\ p
Ey ( f,g) =K, ( g,f) = (2p — 1)10gﬂ

for each agent i. Hence, rpqq = (2p — 1)log ﬁ. The expression for r,, involves a
minimization problem and cannot be stated in closed form. For p = 0.75, we have
numerically that r, ~ 0.144 and rpqq &~ 0.549. Hence, for these signal distributions,
observing conditionally independent signals of four agents allows for faster learning than
the slowest-learning agent in any network for any number of agents with any strategies.

Figure 1 illustrates the bounds on the learning rates for other values of p.

6. Equilibrium Learning

We turn to learning in equilibrium with geometrically discounting agents. More precisely,

suppose that all agents share a common discount factor 6 € [0,1).'° The expected utility

16The assumption that the discount factor is the same for all agents is purely for notational simplicity.

All results remain valid with heterogeneous discount factors.
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of agent i for a strategy profile o is

u'(o) = Z SE (u(ai, w))
teT

where a! is s action in period ¢ for the strategy profile o. The case § = 0 corresponds
to myopic agents. A strategy profile is a Nash equilibrium if no agent can increase
her expected utility by unilaterally changing her strategy. Since mixed strategy profiles
map one-to-one to behaviorally equivalent pure strategy profiles for larger signal spaces
(cf. Footnote 10), it suffices to establish a bound on the learning rate for pure strategy
equilibria.

Huang et al. (2024) show that in any strongly connected network, all agents learn at the
same rate in any equilibrium. This implies that any upper bound on the slowest-learning

agent’s rate is also an upper bound on the fastest-learning agent’s rate.'”

Lemma 1 (Huang et al., 2024, Lemma 2). For any number of agents, any strongly
connected network, and any discount factor 6 € [0,1), all agents learn at the same rate

m any equilibrium.

This lemma and the bound on the learning rate of the slowest-learning agent from
Theorem 1 show that no agent can learn at a rate faster than r,qq in any equilibrium for

any number of agents in any strongly connected network.

Corollary 1. For any number of agents, any strongly connected network, and any dis-

count factor § € [0,1), each agent learns at a rate of at most rpaq in any equilibrium.

This extends Theorem 1 of Huang et al. (2024) to the case when the signals are not
conditionally independent across agents and achieves a tighter bound on the learning
rate.'® Harel et al. (2021) obtain a smaller upper bound than Corollary 1 for two states
and complete networks when the signals are conditionally independent and identically
distributed across periods and agents, and the agents are myopic (0 = 0). The main
feature of these results is that each agent’s learning rate is bounded from above inde-

pendently of the number of agents, showing that all but a vanishing fraction of private

17The proof of Lemma 2 of Huang et al. (2024) does not make use of the fact that signals are conditionally

independent across agents and thus applies in the current setting.
18The bound on the learning rate obtained by Huang et al. (2024) is 2max ., max;e N SUp,cg |€}7g (s)| >

Tbdd > 27bdq- However, their model differs slightly from ours. They allow the signal space and the
distribution of signals to vary across periods and agents as long as the log-likelihood ratios of signals
are bounded uniformly over states, agents, and periods. On the other hand, they assume that the
action space and the signal space are finite and that signals are conditionally independent across

periods and agents.
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information is lost in large networks. Giving a nontrivial lower bound on the equilibrium
learning rate analogous to Theorem 2 is an open problem (cf. Remark 3).

For the rest of this section, we depart from the model and assume that agents observe
their neighbors’ actions and signals, and ask if this improves equilibrium learning. In
this alternative model, any nontrivial bound on the learning rate has to depend on the
network structure. Indeed, if a rational agent observes everyone’s signals, she learns at a

rate of nrt

t ut» which is not bounded independently of n. The problem becomes interesting

when the neighborhoods have bounded size. Denote by A = max;ey |N?| the size of
the largest neighborhood. We show that even if agents observe their neighbors’ actions
and signals, the learning rate of each agent is at most Arpgq in any equilibrium and any
strongly connected network for any number of agents. This result assumes that signals

are conditionally independent and identically distributed across periods and agents.

Corollary 2. Assume the signals are conditionally independent across periods and agents.
For any number of agents, any strongly connected network, and any discount factor § €

[0,1), each agent learns at a rate of at most Arpaq in any equilibrium.

First, it is clear from Lemma 1 that all agents learn at the same rate in any equilibrium.
It thus suffices to show that some agent learns at most at the claimed rate. To this end,
we embed the setup of Corollary 2 in the model where each agent only observes her
neighbors’ actions but not their signals. For each ¢ € N and t € T, let § = (si )jeni be
the vector with the signals of all of ’s neighbors in period t. The distribution of %é in state
f € Qis the | N'|-fold product i = (u})®™N'l of p%. Thus, defining £ , = log %(ﬁ’l) for
two states f,g € 2, we have £} =3

jeni 4 since the signals (s7)jens are conditionally

independent. Thus,

min max E ((7’ ) = min ma E; (¢ ) < max |N'|minmaxE,; (/% ) = Ar
T2 ie]\?( I \*rfg g ieJ\?( zj\; ! ( f,g) = Zeﬁq | 49 ie]\?( f( fyg) bdd
JEN?

Applying Theorem 1 to the modified signals (5!);cner gives that some agent learns at
a rate of at most Arpgq, concluding the proof. Note that the modified signals are not
conditionally independent across agents so that the full generality of Theorem 1 was

needed.

7. Proof Outlines

In this section, we sketch the proofs of the two main results.
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7.1. About the Proof of Theorem 1

In contrast to earlier results, Theorem 1 provides an upper bound on the learning rate
for arbitrary strategy profiles rather than only equilibria and is thus, in principle, harder
to establish. However, the greater generality makes clear that the argument cannot rely
on analyzing belief dynamics or incentives. Moreover, it is clearly without loss to assume
that the network is complete, which is not obvious for equilibrium learning.

The proof of Theorem 1 greatly simplifies when additionally assuming that the signals
are conditionally independent across agents, requiring that the signals’ log-likelihood
ratios are bounded, and loosening the bound on the learning rate. This case already
captures the main tension in the model. We sketch its proof and then elaborate on how

to adapt it to get Theorem 1.

Theorem 1’ (Learning is bounded, weak form). Assume the signals are conditionally
independent across periods and agents, and the log-likelihood ratio 63}79(5) is bounded
for each agent i and any two states f,¢g. For any number of agents n, any net-

n

work, and any strategies o!,..., 0", some agent learns at a rate of at most Tpqq =

2min s, maXey SUPyeg €5, (5)].

We focus on the case of two states {f,g}. The intuition is as follows. Suppose all
agents learn faster than the prescribed rate. Then in state g, each agent chooses a,
except for a set of signal trajectories with very small probability in any sufficiently late
period. But then in state f, these sets still have a moderately small probability, and so
with positive probability, all agents incorrectly choose a, in each sufficiently late period.
This contradicts that agents learn at all.

In more detail, assume for contradiction that all agents learn at a rate of at least
Tpad + 3€ for some positive e. A preliminary lemma turns the limit defining the learning
rate into a statement about each sufficiently late period at a small cost in the learning
rate. More precisely, Lemma 4 exhibits a history H<;, with positive probability in state

g (and thus also in state f) such that
Py (a; # ag | Heyy) < 7 Thaat2er

for each agent ¢ and each period t > ¢y, and ¢ty may be chosen arbitrarily large. In the
proof, we show that there exists a set of signal profile trajectories S<;, C SV*% such that
(i) P, (S<t,) > 0, (ii) each s<, € S<, is consistent with H<,,, and (iii) for each i € N,

each t € T, and almost every s<;, € S<y,.,

Py (af # ag | s<iy) < e ot

17



Denote by H the infinite history that follows H<;, up to ¢, and for which each agent
chooses a, in each period after to. We have that P, (H | s<;,) > 3 for almost every
S<t, € S<i, if o is large enough, since the probability that some agent chooses an action
different from a, in any period after ¢, is small by the preceding inequality. We say that
agent i defects in period t > t, if 7 is the first agent to deviate from H, i.e., if play follows
H_; in the first ¢ — 1 periods and a} # a,. Consider the set D} of those trajectories of
i’s signals for which i defects in period t. We aim to bound the probability of each D!
conditional on state f and signal profile trajectories in S<y,.

If i receives signals in D} and no other agent defects before ¢, then a} # a,, and so
Py (D1, V) # 1 Ha | s<t0) < Py (0 # g | 521,) < €7t

for almost every s<;, € S<;,. Since signals are conditionally independent across periods

and agents, the probability on the left-hand side factors.
Pg (D;vj 7é iaHit | SSto) = Pg (Di | SSto)]P)g (V] 7é iaHit | SSto)
for almost every s<;, € S<;,. But

Py (V) # i, HL, | s<iy) =Py (H | 5<4) >

N —

and so P, (D} | s<,) < 2e~(aat for almost every s<;, € S<z,. Since signals are condi-
tionally independent across agents, we have Py (Dj | s<;,) =P, (D} | si,,) and similarly
for f instead of g. Hence, from the definition of 7,qq and the conditional independence

of signals across periods, we see that
Py (Di | SSto) =Py (D; | Sigto) < el (D; | Sigm) = e/rad'P, (Di | Séto) <27

for almost every s<;, € S<y,, since the probability of D! increases by a factor of at
most ez’ and the probability of Sigto decreases by a factor of at most e27aal0 when
conditioning on f rather than g. If ¢y is large enough, then 2n Zt>t0 et < %, and so
the probability that some agent defects after a signal profile trajectory in S<;, is thus
at most % even in state f. But then, with positive probability, all agents choose the
incorrect action a, in all periods after ¢, in state f. Thus, in state f, each agent’s
mistake probability in each period after t; is bounded below by a positive constant, so
her learning rate is 0, contradicting the assumption.

The proof of Theorem 1 needs to address two further points. First, it needs an argument
that only loses e™d! instead of e™da in the last inequality above. This is taken care of
with a simple trick. Second, one cannot use the conditional independence of the agents’

private signals. This is a substantial hurdle that requires a delicate argument.
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7.2. About the proof of Theorem 2

To prove Theorem 2, we construct strategies for which each agent learns at a rate close
to rpaq or faster. For complete networks, such strategies are easy to describe: each agent
follows her private signals as long as those are sufficiently decisive, and otherwise she
follows the action taken by most agents in the previous period.

In more detail, consider again the case of two states f and g. Agent ¢’s log-likelihood
ratio for f over g in period ¢ given the agent’s private signals 5%/ is close to Ef ( §7g)t
with high probability in state f, and similarly in state g. If this log-likelihood ratio for f
over g is larger than (E ( ; g) —€)t, agent i chooses ay independently of the other agents’
actions; similarly, if #’s log-likelihood ratio for g over f is larger than (E, ( . f) — €)t, she
chooses a,4; otherwise, she chooses the action that most agents chose in period ¢ — 1.

These strategies lead to faster learning than autarky. First, agents decide based on
their private signals only if those clearly favor one state, and so in that case, mistakes
are less likely than when always relying on one’s private signals. Second, most agents
decide based on their private signals for late periods since then each agent’s likelihood
ratio is close to its expectation with high probability, and each of these actions is correct
with high probability independently of the others. Hence, the most popular action in any
period is very likely to be correct if there are many agents. So either case improves upon
learning in autarky. Note, however, that each agent could unilaterally achieve a higher
rate than rn,gq by following the most popular action in each period. In particular, these
strategies are not an equilibrium for rational and geometrically discounting agents.

For a strongly connected but not necessarily complete network, one can use a similar
idea. The only obstacle is that agents do not know the most popular action of the previous
period if they cannot see all other agents’ actions. We deal with this issue by dedicating
some periods to propagating information about the agents’ actions in previous periods
through the network. More precisely, in these propagation periods, each agent mimics
the action of a neighbor in a recent previous period, or of a neighbor’s neighbor (which
they know through their neighbors’ mimicking behavior), and so on for any distance level.
In the remaining periods, agents act as before: they follow their private signals if those
are sufficiently decisive, and otherwise they follow the action taken by most agents in the
latest non-propagation period, which they have learned in the intervening propagation

periods.
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8. Discussion

We conclude with several remarks about assumptions, model variations, and open prob-
lems.

Remark 1 (Genericity of the utility function). We have assumed that the agents’
utility functions are suitably generic, i.e., that no action is optimal in two different states
and there is a unique optimal action in each state. The first assumption is necessary
to make the problem interesting: if the same action is optimal in all states, there is no
need for information, and all agents can choose optimally from the first period onward.
The second assumption forces a tradeoff between correct action choices and using actions
as messages. By contrast, if there are two optimal actions in each state and signals are
binary, then each agent can choose an action optimally based on her available information
and simultaneously communicate her private signal in each period. Thus, actions are
sufficient for identifying private signals and learning is as fast as if agents observed their
neighbors’ private signals, so that Theorem 1 fails. Note that the above strategies are

even in equilibrium if the network is complete.’

Remark 2 (Arbitrary signal correlation). We have assumed that the conditional
distributions of signal profiles are mutually absolutely continuous and that the signals are
conditionally independent across periods. Theorem 1 breaks down emphatically without
these assumptions.

Appropriate correlation across agents or periods allows even a small number of agents
or a single agent in a small number of periods to learn the state with certainty. For
example, consider the instance in Section 3.4 with signal precision p = % If there are
three agents and the distribution of signal profiles is such that exactly two agents receive
a signal matching the state conditional on either state, and each agent chooses the action
matching her signal in the first period, then all agents know the state from the second
period onward and can choose optimally in all future periods. For correlation across
periods, consider a single agent who receives exactly two signals matching the state in

the first three periods. This reveals the state in the first three periods.

Remark 3 (Lower bounds for equilibrium learning). Theorem 2 shows that non-
trivial information aggregation is possible if the agents follow prescribed strategies. How-

ever, it remains an open problem whether there is any equilibrium for any network in

9This equilibrium is reminiscent of a construction by Heidhues et al. (2015), who consider bandit
problems where agents observe each other’s actions, but not the payoffs. They allow agents to com-
municate via cheap talk messages and show that cheap talk equilibria can replicate any equilibrium
with publicly observable payoffs. In our model, a multiplicity of optimal actions enables similar cheap

talk communication and can restore the public information case in equilibrium.
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which every agent learns faster than a single agent in autarky. Answering this question
would likely require either new conceptual insights into equilibrium learning or explicitly
constructing an equilibrium in which learning exceeds the autarky benchmark.

A related question is whether the mediation of the information exchanged between
the agents can improve equilibrium learning. The mediator observes all agents’ actions
but not their private signals and sends a private message to each agent. A special case
is designing the network structure. For example, it could be beneficial for equilibrium
learning if the mediator rewards an agent for deviating from a consensus action by giving
her access to more agents’ actions in future periods. This incentivizes agents to act based

on their private signals rather than herd, potentially improving equilibrium learning.

Remark 4 (Learning with experimentation). We shut down experimentation mo-
tives by assuming that agents do not observe their flow utilities. In Footnote 7, we explain
that this allows for noisy observations of utilities as long as those do not provide informa-
tion beyond next period’s private signal. Theorem 1 survives (with a different constant
replacing r,qq) even if agents make noisy observations of their utilities for which future
signals are not a sufficient statistic. Suppose whenever agent i chooses action a in state
f, her observed utility, denoted u(a), follows a distribution 1/;7 7 on R. While this model
allows for experimentation, it embeds into ours by replacing each private signal s! with
5t = (8%, (ui(a))aen). Assuming the augmented signals (5});cn e satisfy our hypothesis,
Theorem 1 still yields an upper bound on the learning rate. This is also an upper bound
for the original instance with observed utilities ui(a) since the embedding provides each

agent with weakly more information.

Remark 5 (Random networks). In an extension of our model, the network is drawn
randomly (and independently from the state and the signals) according to some distri-
bution in each period. The upper bound on the learning rate from Theorem 1 clearly
remains valid in this setting since it holds even for complete networks. Theorem 2 also
survives so long as all agents know each period’s network and all networks are strongly
connected. We sketch the necessary changes to the strategies in Footnote 28 in the proof
of Theorem 2.
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APPENDIX

A. Preliminaries

In this appendix, we recall a classic result from the theory of large deviations of random
walks and start by setting up the notation.

The cumulant generating function of a random variable £ is
A(z) = logE (e*)

We assume that ¢ is non-degenerate and that \(z) is finite for each z € R, which implies

that E (¢) is finite. The Fenchel-Legendre transform of A is

A" () = supnz — A(2)

z€R

We collect some properties of A and \*.

Lemma 2 (Dembo and Zeitouni, 2009, Lemma 2.2.5). Let [* = {n € R: 3z € R, N (z) =
n}. Then,”’

(i) X is strictly convez, and \* is non-negative and conver.

(ii) For alln > E(0),

A*(n) = supnz — A(2)

2>0

and for alln < E (¢),

A*(n) = supnz — A(2)

2<0

In particular, X\* is non-decreasing on [E (£),00) and strictly increasing on I* N
[E(£),00), and it is non-increasing on (—oo,E (¢)] and strictly decreasing on I* N

(—o0, E (£)]. Moreover, \*(E (¢)) = 0.

(11i) X is differentiable with

and if N(z) =n, then A*(n) = nz — A(2).

20Gince we assume that ¢ is non-degenerate and has finite cumulants, Lemma 2 avoids some case distinc-
tions compared to Lemma 2.2.5 of Dembo and Zeitouni (2009) and allows strengthening convexity of

A to strict convexity. See also Lemma 5 of Harel et al. (2021).

22



It follows from (iii) that X'(0) = E (¢) and that \'(z) — sup? as z — oo and N'(z) —
inf ¢ as z — —oo. Hence, I* = (inf ¢, sup ¢), and so I* contains an open neighborhood of
E (¢) (where we use that ¢ is non-degenerate).

Let ¢1, /5, ... be independent random variables with the same distribution as ¢, and for
teT, let Ly =), <t (.. The following result shows that the probability that L; is less
than nt (plus a lower-order term) decreases exponentially in ¢ at rate \*(n) if 1 is smaller
than E (¢), and similarly if 7 is larger than E ().

Theorem 3 (Cramér, 1938). Letn € R. Ifinf,cg N (2) < n < E(¢), then
P (L; < it + o(t)) = e (MtFo®)

and if E (0) < n < sup,cp N (2), then
P (L; > nt + o(t)) = e~ MitFe®)

In the stated version, Theorem 3 follows from Theorem 2.2.3 of Dembo and Zeitouni
(2009) by recalling that A\* is non-increasing on (—oo,E (¢)] and non-decreasing on
[E (¢),00), or by applying Theorem 6 of Harel et al. (2021) to ¢ and —/.

For f,g € Q with f # g and i € N, let )\}79 be the cumulant generating function of
(% ,, and denote by (X% )* its Fenchel-Legendre transform. It is not hard to show that

bg(2) =X ((=(z+1)) and (X% )*(n) = (A} ;)*(—=n) —n.*" Hence, by Lemma 2(ii),
(Vo) (=g (L5)) = (g 1) (By (Ggp)) + By (Cgp) =Eg (L p) (1)

Since A ,(0) =0, A (=1) = X} ;(0) = 0, and since A}  is strictly convex, A}, attains its

minimum on (—1,0). Then, using again that )\}7 , 1s strictly convex,

(N)"(0) = sup =X (2) = = min N (=) < O, (0) =By (6,) ()
zER 2€(-1,0)

B. Single-Agent Learning

We recall some results for a single agent learning in autarky and extend those to more

than two states.

2IThese relations appear in Lemma 6 of Harel et al. (2021). Since they use different sign conventions to

define )\}7 , and ()\? g)*, we reproduce the argument here. First,

zlo,

dpt
N (2) =1 £ i (s) = 1
bg(2)=log [ e s dps(s) =log

dyiy ’ i 1 dysg e i i
i (G ani =10e [ (F26))  duifo) =2~z + 1)

K3 K3
g f
Thus,

(A7) (n) = SUp 777 - N g(2) = SUp 177 - A p(—(z41)) = Slelﬁ(—n)z — X (2 ==L ) (=) —n
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When there are only two states, the rate of learning a single agent can achieve in
autarky is well-known. It essentially follows from Theorem 3 and appears as Fact 1 of
Harel et al. (2021).22

Proposition 1 (Harel et al., 2021, Fact 1). Let Q = {f,g}. The rate of learning of agent
i in autarky is ( éf,g)*(()). More precisely, the probability that agent © makes a mistake in

period t when choosing actions optimally based on her private signals is
B (0} # 0,) = ¢ 0140

For more than two states, the optimal rate of learning is determined by the two states
that are the hardest to distinguish. More precisely, the optimal rate of learning equals
the minimum of the optimal learning rates when restricting to any pair of states. As for
the case of two states, the “maximum likelihood strategy” achieves the highest learning
rate: in any period, choose the action that is optimal in a most probable state. This
result can be obtained from Theorem 2.2.30 of Dembo and Zeitouni (2009). We state it

here along with a proof that is specific to our setting.

Corollary 3. The probability that agent i learning in autarky and choosing actions opti-

mally makes a mistake in period t is

P (af; 4 Clw) — o Thutto(t)

where
rt o =min(\% )*(0
aut f;ég( f,g) ( )
Proof. Let
r= supliminf—1 log P (ai #a )
ot t—o00 t t w
where al = oi(s%,...,s!) and the supremum is taken over all strategies o* = (d},0%,...)

of agent 7 in autarky. Hence, r is the optimal rate of learning, and we have to show that
r= Tziiut‘
Step 1 (r < r!). Assume for contradiction that r > ri .= and let 0% be a strategy such
that

o 1 . )

h{ﬂ inf —3 log P (a) # au,) > riy

—00

**Note that 0 € (I} ,)* by the remarks after Lemma 2 and the fact that sup ¢} , > 0 and inf £ ; < 0.
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Then, there are f,g € Q with f # g such that liminf, o —logP (aj # as,) > (X ;)*(0).
Note that o' is also a strategy for the problem after restricting to the subset {f, g} of

states, and as such achieves a rate of learning of
o 1 i o 1 i Y
htrgglf—glogIF’ (af # an |w e {f,g}) > llﬂgf—;logp (af # an) > (A, ;)*(0)

where the first inequality follows from the fact that

P(aj #au |we{f.g)P(we {f,g}) < Plaj#a,) and P(we{f,g}) > 0. But
this contradicts Proposition 1.

Step 2 (r > rl,.). It suffices to find a strategy that achieves a learning rate of at least

aut

ri .. Let o' = (0},0%,...) be a strategy with

6= oilsh,....s) € {ag € A: f € 0, Ly, > 09g € )

for all t € T. Thus, o’ is a “maximum-likelihood strategy”, i.e., it chooses the optimal

action for a most probable state.?> Then, for all f € ,

Pr(af#as) <Y Py (L, <0) =Y e () Oot) < o=riutol®
geQ ge
where the first inequality follows from the definition of ¢, the equality follows from
Theorem 3, and the second inequality uses the definition of 7,,; (and may require adjusting

the lower-order term o(t)). Hence,

P (a} # a,) = ZIP’f (a) # ap)P(w=f) < e ThuHo(t)

feq

as required.

C. Omitted Proofs From Section 5

In this section, we prove the upper and lower bound on the optimal learning rate claimed
in Theorem 1 and Theorem 2.

We start with three auxiliary lemmas. Heuristically, the first states the following. Fix
a (one-dimensional) random walk with i.i.d. increments, an upper (lower) slope larger
(smaller) than the expectation of each increment, and a probability threshold smaller
than 1. Then, for each period tj, the probability that the random walk remains inside an
affine wedge with the given upper and lower slopes and sufficiently large intercepts in all

periods after £y conditional on being well inside the wedge at ¢y exceeds the threshold.

23Note that o® is well-defined since LY i+ Li = L%, ensuring that the right-hand side in the

definition of ¢ is always non-empty.
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Lemma 3. Let l1,{s,... be non-degenerate i.i.d. random variables such that E (ezzl) 18
finite for each z € R and let a*,a~ € R with a™ > E (1) and a= < E(¢y). Fort e T,
let L = ), lr, and let L = (L1, Ly, ...). Then, for each 6 > 0, there is K > 0 such
that for each b € R, each ty € T, and almost every (with respect to the distribution of
(L1,..., Lyy)) <ty € RO withb— £ <2y <b+ £,

P(L€W|L§t0:x§to)21_6
where W = {z e RT:Vt > tg,b— K +a (t —tg) <z <b+ K +a"(t —t)}.

Proof. Denote by A the cumulant generating function of ¢; and denote by A\* its Fenchel-
Legendre transform. First, observe that the statement becomes stronger if ™ and a~
are closer to [E (¢1). Hence, we may and will assume that E (¢;) < a™ < sup,cg A'(2) and
inf,cg N(2) < a” <E(4), so that Theorem 3 applies.

Fix 6 > 0. Let b € R, ty € T, and z<;, € R with b—% < xy, < b+§. Let

at = 3(E(1)+a") and @~ = 3(E(¢1)+a"). By Lemma 2(ii), \*(a™) > 0 and A*(a~) > 0.

Thus, for all t > ty, we have by Theorem 3 that

P (L; — Ly > a*(t —to) + ot — tg)) = e @D —t)Folt=t0) 4
P (Ly — Liy < @ (t —to) + ot — t)) = e (@)=t toli=to)

Thus, there is t; > ¢y such that

[\Ol e

P(Vt>t,a (6 —tg) < Ly— Ly <a(t—to)) >1—

Let K > 0 such that P (—% </t < %) > m. Then it follows that

K K
P(Vtgto,—5+a—(t—to)th—Lto§5+a+(t—to)) >1-96
But /1,05, ... are independent and b — % < xy, < b—l—% and so
K _ K i
P(L€W|L§t0:x§to)zp VtZto,—§+a (t—to)SLt—LtOSE—FCL (t—to) 21—5

which finishes the proof. O

The second lemma states the following. Assume the agents follow strategies for which
each of them learns at a strictly positive rate r. Then, there is a history H<;, up to ¢, such
that conditional on H<;,, each agent’s probability of a mistake decreases exponentially at
a rate close to r from ty onward. Heuristically, this turns the limit defining the learning
rate into a statement about each sufficiently late period at a small cost in the learning

rate.
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Lemma 4. Fiz the number of agents n, a state g € ), and a learning rate v > 0. Let

ol, ..., 0" be strategies such that for each i € N,

o 1 i
ht@)glf—glogIF’ (at #+ ag) >r

Then, for each € > 0, there are ty € T and Heyy € AN such that Py (H<y,) > 0 and for
each v € N and t > ty,

Py (a; # ag | Heyy) <m0
Moreover, ty may be chosen arbitrarily large.
Proof. By assumption, for each ¢ € N and each t € T,
P, (ai ” ag) < ertro®)

First, for ¢y € T large enough,

i€EN,t>tg
and
Z Py (ai # ag) = Z Py (Hsfo> Z Py (ai # ag | Hgfo)
iEN, >t HSfoeANX£O’IP9(H§fo)>O iEN, t>10

and, thus, there is HZ; € ANXTo such that P, <H2£0) > 0 and
> P (aiAay | Hy) <5 (3)
€N, t>1

Let H € AY*T such that Hoz = HZ; and for each i € N and each t > to, Hj = a,.
Note that, by (3),

P, (H | Hy,) > (4)

| —

By the assumption of the lemma, for each i € N, each ty > t, large enough, and each

t > to,

ef(rfe)t

N —

Py (ai # ag | Hgfo) <
and, thus, by (4),
Py (ai # ag | Hﬁto) < 2P, (ai # ay | HSto)Pg (HSto | HZO) < 2P, (ai # ag | Hgt})) < e rmot

which proves the claim. O
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It is well-known that if 14, t € {1,2}, are probability measures such that v; is
absolutely continuous with respect to u;, then vy ® vy is absolutely continuous with
respect to py ® o, where v; ® vy is the product measure on the corresponding product
space.?* Thus, since the distributions of signal profiles in different states are mutually
absolutely continuous and signals are conditionally independent across periods, the same
is true for the distributions of signal profile trajectories up to any period t,. This is the

content of the third lemma. We omit the easy proof.

Lemma 5. For each t € T and each f € (), denote by u;‘?t the t-fold product measure of
wy on SN*t. Then, for eacht € T and each f,g € Q, ,uff’t and ,u?t are mutually absolutely

continuous.
Now we are ready for the proof of Theorem 1.

Theorem 1 (Learning is bounded). For any number of agents n, any network,

and any strategies o',...,0", some agent learns at a rate of at most rpaq =

min s, max;ey Ef (fzj}’g) )

Proof. For each g € €, we denote by P, (- | s = -) a regular conditional probability, and
write P, (- | s =) = P, (-] ) again for convenience.”” Let f,g € Q such that rpqq =

1 n

max;ey Ey (g},g)‘ Fix strategies o',...,0". It is clearly without loss of generality to

assume that N? = N for each i € N. Assume for contradiction that there is ¢ > 0 such
that for each ¢ € N and each t € T,

P (a; £ aw) < ¢~ (rbaatbe)tto(t) (5)

We write r = rpqq in the rest of the proof for convenience.

As promised by Lemma 4, there are ty € T and H € AM*T such that
(i) Py (Hzyy) > 0,

(ii) for each i € N and each t > tg, P, (al # a, | Hey,) < e~ (998

(ili) poy, € < 333 and ety > K, and

(iv) for each i € N and each ¢ > to, H; = ay,

24 A proof of this fact can be found here: https://math.stackexchange.com/q/1042323.
Z5That is, (i) for each s € ST, P, (- | s = s) is a probability measure on the underlying probability space,

(ii) for each event E, P, (E | s = -) is measurable, and (iii) for each event E and each measurable set
Sc ST P (ENs HS)) = [Py (E|s=s)dPos !(s).
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where K is the constant obtained from applying Lemma 3 to i.i.d. random variables
(1, 0y, ... each with distribution Py (¢}, € -), a* = Ef (¢},) +¢, a~ =Ef (¢ ) — ¢, and
0= % for each i € N separately and taking the maximum.?®

We proceed in multiple steps.

Step 1. For each i € N, each t € T, and each s<t € S, denote by Lgf(s<t) agent i’s

log-likelihood ratio for g over f after observing the private signals sgt.

0.5(5) = 0.5 (511)
t'<t

First, we show that there is a set of signal profile trajectories S<;; C S™V*% up to ¢
and m',...,m" € R such that (i) S<;, C S(H<y,) (i-e., each trajectory of profiles in S<;,
induces H<y,), (i) Py (S<y,) > 0, (iii) for each i € N, each t > ty, and almost every
S<ty € S<ig, Py (al # a, | 5<4,) < e~ 49 and (iv) for each i € N and each s<;, € S<y,,
(m' = §)to < LY 4(sky,) < (m'+ §)to (ie., all trajectories in S<;, induce roughly the same
log-likelihood ratios).

For each ¢ € N and each t > ty, let S, (i,t) C S(H<,) be the set of signal profile
trajectories up to t; that induce H<;, and after which the probability that agent i does
not choose a, in period ¢ and state g is at least e~ (r+49t  Formally, for each i € N and

each t > tg, let S<4,(i,t) C S(H<«y,) such that for almost every s<;, € S<y,(i,1),
Py (ai # ag | 5<,) > €T

and for almost every s<;, & S<,(,t), the reverse inequality holds. Then, for each i € N

and each t > t,
6_(T+4E)t]P)g (SSto (i7t) | Hﬁto) < / ]P)g (CL; 7é Qg | Séto)d]P)g (SStO | Héto)
S<itg(ist)

< ]P)g (ai 7é Qg | Hﬁto)
S e—(T+5E)t

and thus, Py (S<4,(i,t) | H<t,) < e~". Then, let

S<t0 - S H<t0 U S<t0 Z t
1EN,t>tg
for which we have

]Pg (Sﬁto | Hﬁo) >1- Z ]Pg (Sﬁto(ivt) | Héto) >1- nze_d >0

1€EN,t>tg t>10

*6Here, Py (ﬂ} g € ) denotes the distribution of £/ , conditional on state f.
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It thus follows from P, (H<;,) > 0 that P, <3§t0> > 0, and that for each i € N, each

t > tp, and almost every s<;, € Sgto,
Py (a; # ag | s<i,) < e

by construction of Sgto. Since R™ can be covered by countably many cubes with side
length €, there are S, C S<;, and m',...,m" € R such that P, (S<;,) > 0 and (iv)
holds. Moreover, S<;, satisfies (i) and (iii) since those are preserved under passing to

subsets. This finishes the construction.

Step 2. Second, let

W ={s € S"*T. Vi N,Vt > t,,

(mi — )t — (B (£,) + )t — to) < L 1(sk) < (mi + )to — (B (64,) — )t — to)}

be those trajectories of profiles such that the log-likelihood ratio for g over f of each agent
¢ based only on her private signals remains in a wedge with slopes —E, ( 3}79) + € and
—E; ( } g) — ¢ for every period from ¢, onward. By Property (iv) in Step 1, S<t, C W<y, .
Moreover, by Lemma 3 and (iii) in Step 1, for almost every s<;, € S<t,, Pr (W | $<t,) >
l—g-= % Note that for each i € N, each t > t;, and each Vgt C Wét,

e—(mi+e)to+(ﬂ<:f(é},g)—e)(t—to)IP)g (V;t) <Py (V;t) < e—(mi—f)to-f-(ﬂ*:f(f;’g)—ks)(t—to)]}pg (V;t) (6)
Step 3. Third, we show that for each i € IV, each ¢ > ¢, and almost every s<, € S<y,
]Pg (ai 7é Qg ‘ S<tos H<t) < 26_(7"+4€)t (7)

Fix i € N and t > t;. By Step 2, Item (iii) in Step 1, and the choice of t¢, for almost

every si, € Scu,

]P)Q <H<t ’ SSto) >1- Pg <_'H<t | SSto)
> 1- Z Py (aif # ag | Séto)

JEN,t'>tg

>1-n Z 6—(7"+4e)t’

t'>to

VvV

1
2

and, moreover,

Py (a,’; # ag | SgtoaH<t)Pg (Het | 8<40) < Py (af; # ag | SSto)

Then (7) follows using again Item (iii) in Step 1.
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We continue by setting up for the rest of the proof. For each i € N and each t > t,
we say that agent ¢ defects in period ¢ if play follows H_; up to period ¢ — 1 and ¢ does

not choose a, in period ¢, and we define
D;={s"¢€ ST oy(siy; Hey) # ag}

as those infinite trajectories s’ for ¢ such that i defects at t for siﬁ. Note that, by (7), for

almost every s<;, € S<y,,
Py (D,’? | S<t H<t) =P, (ai # ag | SgthQ) < Qe (r+ao)t (8)

The rest of the proof proceeds as follows. To simplify the outline, we pretend that
to = 0 (and thus S<;, = {0} contains only the empty signal profile trajectory) and that
W = SN*T The goal is to show that P, (H) > 0, which would imply that each agent’s
learning rate is 0 and thus contradict the assumption.

Here is an initial attempt that fails but is a useful starting point. It would suffice to show
that for each i and each t > t,, Py (D!) < e, which would follow from P, (D}) < e~ (r+3¢)t
by the definition of r. This is close to (8), except that (8) involves conditioning on H;.
Unfortunately, P, (D!) < e~ 39 does not follow from (8) since P, (D: | H.;) can be
arbitrarily small compared to P, (D). This dead end inspires a more nuanced approach.

We split up agent 4’s infinite signal trajectories. For each t, E! consists of those
trajectories s* for which there is some j such that P, (Di | s', Hey) is not too small and ¢ is
the first period for which there is such j, and F* consists of those trajectories s* for which
P, (Di | s', Hy) is small for all j and ¢. For a trajectory s* € EjUF" Py (H, | s*) is large
since no agent is likely to defect in any period before ¢ conditional on s (see (10) below).
Thus, one can bound the probability of E} in terms of its probability conditional on
H_;, which in turn can be bounded in terms of the probability that some agent defects in
period ¢ conditional on a trajectory in E} and H_; by the definition of E! (see (11) below).
Similarly, for each ¢, one can bound the probability of those trajectories in F* for which
agent i defects in period ¢ in terms of the same probability conditional on H_; (see (12)
below). Combining both estimates and using that defections are very unlikely in state g
by assumption, gives that the intersection of D} with each of the sets E},, t' € T, and F"
has very low probability in state g and thus still moderately low probability in state f.
But then, it is unlikely that any agent defects in state f, and all agents indefinitely play
a, with positive probability.

Step 4. Fourth, since signals are conditionally independent across periods, for each 7, j €
N and t > tg,

Py (a{ # ag | 5<y, 8", H<t) =Py (ai # ag | 5§t075i§t7 H<t) (9)
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almost surely. For each i € N and each t > t;, define inductively

EZ(SSt()) - {Si € {Siﬁto} x S{t0+17t0+27m}: JjeN, Pg (ag 7& g | SSt07Si7H<t) > e_et}

\ U Eils<u)

t>t'>tg

and define
Fi(sy) = {s" € {si, } x SUotblot2dy5 € NVt > 40, Py (al # ag | s<i, 8", Hey) < e}

and note that {Ej(sL, ):t > to} U {F'(s<,)} is a partition of {si, } x Stfoflto+2..},
Intuitively, £} (s<,) is the set of infinite trajectories of i’s signals with prefix s&, such
that conditional on s<,, s', and H.;, some agent defects with appreciable probability in
period ¢t and no agent does so in any period between tq and ¢, and F(s<,) contains those
infinite trajectories for which no agent defects with appreciable probability in any period
after to. It may help to think of the sets E!(s<,) as “empty” in the sense that some other
agent exhausts an appreciable fraction of them through defections, and to think of the
sets F'(s<y,) as “full” in the sense that they are not significantly reduced by a defection
of any agent.

We establish bounds on the probabilities of these sets. First, for each ¢ € N, each

t > tg, almost every s<;, € S<y,, and almost every s' € E!(s<;,) U F'(s<4,),

Pg (H<t | Sgtmsi) = H Pg (H<t’+1 ‘ S§t078i7H<t’)

t>t'>tg

= H (1-P,(3j €N, al, # ag | S<tg,8's Hep))

t>t'>tg
>1- Z Pg (a{’ # Qg | SSthi’ H<t') (10)
JEN >t >to

>1—n Z e~

t>t'>tg

1
>
-2

where the fourth step uses that s' € Ei(s<;,) for ¢ < t. Thus, for each i € N, each
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t > 1, and almost every s<,

Py (Ei(s<ty) | 5<t0) = /E,( )dPg (s" | s<t0)
s<tg

IN

2/ Py (Het | s<ty,8")dPy (5" | 5<10)
Et(s<ty)

Pg (Et S<t0 ﬂ H<t | 8<t0)
(E 5<t0 | 5<t0,H<t)

I/\ ||

2/ dIP) (Si | S§t07H<t)
(s<tg)

Et/ D P, (af # ag | s<iy, 5’ Her)dPy (5° | 5<i, Het)

(s<tg) JEN

< ZeEtZIP’g al # ay | S<tos Het)

JEN
< 4n65t6—(r+4s)t

_ 4n6—(r+3e)t

(11)

where the second step uses (10), the sixth step uses the definition of F}(s<,), and the
second to last step uses (7). In words, the left-hand side is the probability that, conditional
on g and s<,, agent ¢ observes an infinite trajectory conditional on which some agent
defects with appreciable probability in period ¢ and no agent defects with appreciable
probability in any period before ¢t. Second, for each ¢ € N, each t > ty, and almost every

S<ty € SSto )

Py <(D§ NF(s<4)) ., | Sgto) < 2P, ((Di NF(s<)) ., | 8§t07H<t>

< 2P, (ai # ag | S<ty, H<t) (12)
S 46—(T+4E)t

where the first step follows from repeating the first four steps in (11) and the third step
follows from (7). Here, the left-hand side is the probability that conditional on g and s<,,
agent ¢ observes a trajectory up to t for which she defects in period ¢ and, conditional on

which no agent defects with appreciable probability in any period from ¢y + 1 to ¢.

Step 5. We now show that, conditional on state f and almost every signal profile trajectory

S<t, € S<i,, With positive probability, no agent defects in any period.
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First, for each ¢ € N, each t > 1, and almost every s<;, € S<i,,

Py (Ei(s<ty) | 5<t9, W) < 2Py (Ei(s<10) VW | 51,
< 2Pf ((Ei(s<to) "W )<t | 5<1,)
< 2e(m o o= (m'=Nto+ By (¢, )+ t0)p(Ei(5,0) NWi)< | 5240
< 2620 Er 1) +AOP ((Bl(521,) N W<y | 510)
< 260N (B (s<io) VW) <t | 5<1)
< 8ne
where the first step uses that Py (W | s<4,) > 3 by Step 2, the third step uses (6), and the

last step uses (11) and the fact that, by (9), whether an infinite trajectory of i’s signals

is in E!(s<,) only depends on its prefix up to and including ¢. Thus,

i a1
Py (UiGN,t>toEt<S§t0) | Séto’W) < 8n” Ze f< 4 (13)

t>to

Second, similar to above, using (12) instead of (11), for each i € N, each t > ty, and

almost every s<;, € S<y,,
Py (DN F'(s<ty) | 52t0: W) < 2Py (D) 0 F'(5200) VW | 524
< 2Py <(Di NF'(s<i0)<e MW, | Ssm)
< 220, (D] Fi(s0) VW) | )
S 86—26t

and thus,

P (UieN,t>tOD§ N Fi(Sgto) | s<ty, W) < 4nze—26t <

t>to

(14)

|

Then, for almost every s<;, € S<4,,

1 =Py (H | s<1p, W) < Py (Uienssto Dl | s<10, W)

=Py (UiEN,t,t’>t0D§ NEy(s<t) | <t W)
Py (Uien istoDi N F'(s<ty) | 5<t05 W)

UieN,t>toEz(3§to) | S<to W)

UieN,t>t0D§ N Fi(sﬁo) | s<to W)

L
~

~
—~

If the infinite history is not H, some agent defects in some period, hence the first step.

The second step uses that {Ej(s<y,):t > to} U {F'(s<,)} is a partition of {si, } x
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Slto+Lto+2.-} The third step is a basic manipulation. The fourth step follows from (13)
and (14). Hence, Step 2, P, (S<¢,) > 0, and Lemma 5 imply that

1
]P)f (H) > / ]P)f (H | SStOvW)Pf (W | Séto)dpf (SSto) > 5/ IP)f (W | Sﬁto)dpf (SSto) >0
<t S<tg

=to
In particular, in state f, the probability that each agent chooses a4 in each period after
to is strictly positive, and thus each agent’s learning rate is 0. This contradicts (5) and

finishes the proof.
O

We prove that sufficiently many agents in a strongly connected network can learn faster

than a single agent in autarky.

Theorem 2 (Coordination improves learning). Assume the signals are conditionally in-
dependent and identically distributed across periods and agents. For any € > 0, there is
ng such that for all n > ng and any strongly connected network, there exist strategies

ol ..., 0" such that each agent learns at a rate of at least rpqq — €.

Proof. We assume for now that N = N for all i € N and treat the general case later.
For f,g € Q, define ¢;, = E}’g and my, = Ef({s,), and fix e > 0. First, by (1),
A} g(=myg ) = my . Second, since I} contains m,; and A} is continuous on I, by

Lemma 2 and the remarks thereafter, there is § > 0 such that

min A% (—my, ¢+ +0) > min A% (—m —€
F-£g f,g( 9,f ) F-g f,g( 97f>

We may further assume that 6 < miny,,my,. Hence, when defining
Thad = Min N5 (—mg ¢+ 0
bdd = I ro(— g +0)

we have f,qq > miny,my, = mhaq — €. It thus suffices to exhibit strategies for which the

learning rate is at least 7pqq.

Step 1 (Constructing the strategies). We start by inductively defining the strategies.
Let i € N. The strategy o} is arbitrary. Now let ¢t > 1. Given a; 4,...,a? ;, let
aP® € argmaxgea|{j € N: al_, = a}| be an action that is most popular among the

actions taken in period ¢ — 1. For a history H., € AN*¢=1 for agent i, let

ag  if L, > (mygy —6)t Vg # f, and

af‘: = O'Z(Sli, Tt 753;; Hl<t) =
ay®l  otherwise
Note that o' is well-defined since L} ,, = —L} ;, and ms, —d > 0. Hence, agents

follow their private signals if those are sufficiently decisive and the previous period’s

most popular action otherwise.
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Step 2 (Bounding the probabilities of mistakes). Now we derive the claimed bound on

the probability of mistakes.

Case 1. First, we consider the probability that agent i makes a mistake if she acts based
on her private signals. By Theorem 3 and the remarks after Lemma 2, we have for any
two distinct f, g € €,

P, (L'

opr < —(mypg —0)t) = o (=mpgTO)t+o(t)

Hence, for each f € ),

P(ai # ay, | Lj",g,t > (myg —0)t Vg # f ZP Lfgt > (myy — 5)t)]P)(W =9)

g#f

=D Py (L < —(mpy = 6))P (w = g)
9#f

_ Ze—)\;,f(—mf,g—i-é)t-&-o(t)lp; (w _ g)
g#f

— 6_":bddt+0(t)

which gives the desired bound.

Case 2. Second, we consider the probability that agent ¢ makes a mistake if she follows
the previous period’s most popular action. We use a standard tail estimate for binomial
distributions: if X is binomially distributed with sample size n and success probability

q, then
P(X < k) < e PG

where

1—
D(a | b)—alogb—i—(l—a)logl Z

is the Kullback-Leibler divergence of two Bernoulli distributions with success probabilities
a,b € [0,1]. Thus, for all f € Q,

Py (afh # ag) Py (i € N: Ly y = (myy —0)(t —1) Yo # F}] < 3)

< oD I 1=gp41)

where

Qe = Z 0N g (ms.g=0)t+o(t)p (w=g) = e~ Minrzo N (mg.g—0)t+o(t)
9#f
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is an upper bound for the probability that agent ¢ does not choose ay in state f (obtained
from Theorem 3). Hence, for all f € Q,

1 1 1 1
D(§ |1 —qpe) == (log— + log )

2 2(1 —qyq) 2q;14

| L + L (1 1 +1 1 )
=log -+ = | log og —

2 2 1 —qps qr.t

1 1+1 + o(qs¢) + min A% ( 0t + o(t)
= 102 — — 0] min m — 0]

1 . .
= 5 min Ay (my, —0)t +o(t)

where the third step uses that =~ = 142+ o(z) and log(1 4z + o(z)) = 2+ o(x), where

o(z) is a quantity that converges to 0 faster than = as x — 0. Thus,

]P)f (a?frl) af) S e_% minf?fg A},g(mfyg_a)t""o(t)

Since \; (mysy) = 0 and A}, is strictly decreasing on (inf ¢f 4, my ] by Lemma 2(ii),
A} g(mypg—0) >0 forall f# g, and so minyx, A} (my, —6) > 0. So if n is large enough
depending on 4, the probability that ¢ makes a mistake in period ¢ by following the most
popular action of period ¢ — 1 decreases at a rate of at least 7,qq. More precisely, we need
that

min sz A} o (=15 +9)

min yzq A% (M = 0)

n > 2

We conclude that if n is large enough depending on §, then each agent learns at a rate

of at least FLqq = miny, )\’},g(—mg,f +9).

Step 3 (Extending to arbitrary networks). It remains to extend the results to arbitrary
strongly connected networks. We sketch the argument but omit the details. The main
idea is to add periods that are used to propagate the agents’ action choices in previous
periods through the network.

For two agents i, 7, denote by d(i,j) the length of a shortest path from i to j. For
example, if j € N* and 7 # j, then d(i, j) = 1.>” Since the network is strongly connected,
d(i,7) is at most n— 1 for all 4, j. We partition the set of periods 7" into intervals of M =
14 n(n —2) periods. We call the periods {1,1+ M,1+42M, ...} voting periods, and the
remaining periods propagation periods. In each voting period t € {1,1+M,1+2M, ...},
each agent i chooses an action similar to the construction in Step 1: if t = 1, ¢ chooses
an arbitrary action; in any later voting period ¢, if i’s private signals up to period ¢ are

sufficiently decisive, she chooses an action optimally based on those, and she follows the

2TMore precisely, d(i, j) is defined inductively by letting d(i,i) = 0 and for k > 1 and j # 4, d(i,j) = k
if min{d(i,i'): ¢/ € N,d(i,i) <k —1,j e N'} =k —1.
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most popular action in period ¢ — M otherwise. (The strategies during the propagation
periods will ensure that ¢ knows the most popular action in period ¢t — M even though
she does not observe all agents’ actions directly.) For j € N, in period t € {1+ j,14+ 7+
M,1+j+2M,...}, each agent ¢ with d(,j) = 1 imitates j’s action in period t — j (i.e.,
ai = a{_j), and all other agents repeat their own action in period t — j (i.e., af = aj_;).
Forje€ Nand k € [n—3], in periodt € {1+j+kn,1+j+kn+M1+j5+kn+2M,...},
each agent ¢ with d(i,j) = k + 1 imitates j’s action in period t — j — kn (which they
observed from some agent with distance k to j in period t — n), and all other agents
repeat their own action in period ¢t — 7 — kn. Hence, any propagation period t with
te{l+j+kn14+j+kn+ M1+ j+kn+2M,...} is used to inform agents with
distance k + 2 to j about j’s action in the latest voting period by letting an agent with
distance k + 1 to j imitate that action.?®

Since the agents know the network, they know whether the action of an agent 7 in
any propagation period imitates the action of another agent or agent i’'s own action in
the latest voting period. Thus, in each voting period, each agent knows all other agents’
actions in the preceding voting period. By the same arguments as in Step 2, for each
i € N and each voting period ¢t € {1,1+ M,1+4 2M, ...},

P (a; 7& aw) < e*f’bddt+0(t)

provided that n is large enough. In any propagation period ¢, each agent ¢ imitates the

action of an agent from the latest voting period, and so

]P) (a:; % aw) S e—TAbdd(t—M)-i-O(t) — e_fbddt'f'o(t)

since that voting period does not lie more than M periods in the past. So the preceding

inequality holds for all periods after replacing the o(t)-term.
O

28Extending Theorem 2 to random networks as discussed in Remark 5 requires a minor modification of
the strategies: in each period t € {1+ j+kn,1+j+kn+ M,1+j+kn+2M,...}, each agent who
has observed j’s action in the latest voting period either directly or indirectly through other agents,
imitates j’s action in that voting period, and all other agents repeat their own action in that voting
period. Then, the set of agents who have (possibly indirectly) observed j’s action in the latest voting
period grows by at least one agent in period ¢, unless it already contained all agents before period t.
This follows from the assumption that any realization of the network is strongly connected, so that
in period t, at least one new agent observes the action of some agent already contained in that set

before period t.
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D. Notation

The table below summarizes the notation used in the paper.

Symbol [elements| Name Mathematical object
N 1,7 agents {1,....,n}
T t periods {1,2,...}
A a,at actions arbitrary set
Q I, g states finite set
w random unknown state 2-valued random variable
o common prior belief distribution on €2
u utility function function A x Q@ —- R
ag utility-maximizing action in state f element of A
S s, st signals standard Borel space
s, t’s private signal in period ¢ S-valued random variable
1 distribution of s! in state f distribution on §
4 o(8) i’s log-likelihood ratio given signal s  function S — R
b a(2) CGF of ¢4 (s!) function R — R
( 3}7&,)*(?7) Fenchel-Legendre transform of )\? g(z) function R — R
L 4 i’s log-likelihood ratio given s, R-valued random variable
N* 7 i’s neighborhood subset of N
1L, i’s information sets in period ¢ short for ¢ x AN™(=1)
o} 1’s strategy in period ¢ function Igt — A
o strategy profile short for (0})ien ter
S'(H<t) S;t i’s signals compatible with H<, subset of S*
S(H<) S<¢ signal profiles compatible with H<; short for IL;enS*(H<;)
i i’s learning rate in autarky element of R
T'hdd tight learning rate upper bound element of R
Thdd relaxed learning rate upper bound element of R
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