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Abstract

We revisit the problem of fairly allocating a sequence of time slots when agents
may have different levels of patience (Mackenzie and Komornik, 2023). For each
number of agents, we provide a lower threshold and an upper threshold on the level
of patience such that (i) if each agent is at least as patient as the lower threshold,
then there is a proportional allocation, and (ii) if each agent is at least as patient as
the upper threshold and moreover has weak preference for earlier time slots, then
there is an enwvy-free allocation. In both cases, the proof is constructive.
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1 Introduction

Can fairness be achieved without dividing goods into pieces, redistributing money, or
randomizing, simply by taking turns? For example, can timeshare owners fairly allocate
calendar dates, or can divorced parents identify a fair custody schedule? If all parties are
sufficiently impatient, then clearly the answer is no. In this article, we revisit a recent
idealized model of taking turns (Mackenzie and Komornik, 2023), and we prove that if
all parties are sufficiently patient, then the answer is yes. Moreover, if all parties are
sufficiently patient and have weak preference for earlier time slots, then the answer is
emphatically yes.

In the model, the time slots in T = {1,2,...} are to be partitioned into schedules
for n agents, and each agent i has preferences over schedules that can be represented by
a countably additive probability measure u;. An allocation is proportional if each agent
measures his own schedule to be worth at least + (Steinhaus, 1948), and is moreover
envy-free if no agent measures another’s schedule to be worth more than his own (Tin-
bergen, 1946; Foley, 1967). These fairness notions are central in the large literature on
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fair division, which spans perfectly divisible cakes, collections of indivisible objects, and
classical exchange economies.

We formalize each agent’s level of patience using a generalization of the heavy-tails
condition of Kakeya (Kakeya, 1914; Kakeya, 1915): for each k € [0, 00), we say that w;
is k-Kakeya if it always measures the relative value of the future to the present to be
at least k, or equivalently, if for each ¢t € T' we have w;({t + 1,t +2,...}) > k- u;({t}).
We let U), denote the set of these utility functions, and remark that this is a general
class that includes many standard models of discounting; for example, if u; is geometric
discounting with respect to discount factor §; € (0,1), in the sense that for each S C T
we have u;(S) = (1 — &)Y ,cq0r ', then u; € Uy if and only if §; > kiﬂ In addition, we
sometimes impose weak preference for earlier time slots: we say that wu; is monotonic if
it always assigns an earlier time slot at least as much value as a later time slot, and we
let Uy denote the set of these utility functions.

There is a long tradition in economics reinforcing the insight that parameterized
discrete models approximate continuous models, and before proceeding, we should clarify
that this is not the purpose of this paper. More specifically, our goal is not to show
that there are approximately fair allocations for which the margin of error vanishes as
the agents grow arbitrarily patient, which is in fact rather trivial when agents have weak
preference for earlier time slots: simply put the agents in a line and iteratively (i) assign
the current time slot to the agent at the front of the line, and (ii) send that agent to the
back of the line.! Instead, we are interested in the existence of exactly fair allocations
in our discrete model, despite the fact that the conventional approach to fair division in
discrete models is to (i) observe that there may not be exactly fair allocations, and thus
(ii) pursue approximately fair allocations. More broadly, our results provide a simple
example of a purely discrete model for which economically meaningful conditions are
sufficient to guarantee that the discrete model behaves ezactly like the continuous model,
and our illustration of this insight involves several novel techniques.

In the special case that n agents have identical preferences given by a common discount
factor 0 € [”T_l, 1), the existence of envy-free allocations follows from a classic result for
repeated games: if the agents are sufficiently patient given the number of action profiles,
then for each convex combination of stage game payoffs, there is a sequence of action
profiles that generates those payoffs (Sorin, 1986; Fudenberg and Maskin, 1991). Indeed,
consider the repeated game with the following stage game: the oldest agent selects any
agent, every other agent has a single dummy action, and the selected agent receives
payoff 1 while the others receive payoff 0. By the classic result, there is a sequence
of selected agents for which each agent receives payoff %, and as agents have identical
preferences, the associated allocation is envy-free.

There are a variety of procedures that yield constructive proofs of the classic result.
Translated into fair division, (i) the FUDENBERG-MASKIN procedure (Fudenberg and
Maskin, 1991) iteratively selects any agent whose cumulative utility is lowest, (ii) the
more flexible SORIN procedure (Sorin, 1986) iteratively selects any agent who still requires
at least % of the remaining utility, and (iii) the iterative application of Rényi’s GREEDY

In addition to constructing allocations that are approximately fair, this ROUND-ROBIN procedure
(Caragiannis, Kurokawa, Moulin, Procaccia, Shah, and Wang, 2019) has many practical advantages. For
example, it incentivizes agents to honestly report their preferences when this is private information, and it
can assign each time slot without asking agents to report their values for future time slots. Unfortunately,
however, even for two agents with a restricted preference domain, each of these practical advantages is
incompatible with (exact) proportionality (Mackenzie and Komornik, 2023).



ALGORITHM (Rényi, 1957) iteratively asks each agent to construct a schedule for himself
that achieves his target utility, by iteratively taking each remaining time slot unless
it would make his schedule too valuable. All of these procedures, and many others,
work more generally whenever agents have identical (n — 1)-Kakeya preferences, and it
follows that in our model, proportionality is equivalent to guaranteeing each agent his
mazximin share (Hill, 1987; Budish, 2011): the maximum utility that could simultaneously
be guaranteed to everybody in the economy where all the other agents are replaced by
copies of the given agent. That said, none of these procedures works when preferences are
not identical (Mackenzie and Komornik, 2023). This reinforces a recurring theme in the
literature: allowing agents to have different levels of patience—and thereby introducing
the possibility of gains from intertemporal trade—has profound implications.>

For the problem we consider—fairly taking turns when agents need not have identical
preferences—Mackenzie and Komornik (2023) established that

e if n = 2 and both agents have utility functions in U,,_, then envy-free allocations
can be constructed using a version of the ancient DIVIDE AND CHOOSE procedure;

e if n = 3 and all agents have utility functions in U,,_1, then proportional allocations
can be constructed using either their ITERATIVE APPORTIONMENT procedure or
their SIMULTANEOUS APPORTIONMENT procedure; and

e in general, for each ¢ > 0, if all agents have utility functions in Ui-= N Uy, then
allocations that are e-approximately envy-free can be constructed uEsing a simple
ROUND-ROBIN procedure (Caragiannis, Kurokawa, Moulin, Procaccia, Shah, and
Wang, 2019).

Observe that there may not be proportional allocations if the agents do not have utility
functions in U,,_1, as in this case the first time slot alone may be worth more than % to
everyone; thus (i) when the number of agents is small, these results provide a tight bound
on the level of patience required to guarantee that there are fair allocations, and (ii) in
general, these results require a level of patience above what may strictly be necessary in
order to guarantee that there are approximately fair allocations.

In this article, we require a level of patience above what may strictly be necessary in
order to guarantee that there are fair allocations in general. In particular, for a particular
list of patience bounds (p(n)),en, we establish that

e in general, if all agents have utility functions in Uy, _3, then there are proportional
allocations (Theorem 1), and

e in general, if all agents have utility functions in Up,) N, then there are envy-free
allocations (Theorem 2).

Notably, both proofs are constructive. The former result is established using ITERATIVE
CYCLE APPORTIONMENT, a novel modification of ITERATIVE APPORTIONMENT. For
both procedures, iteratively the remaining agents construct and assign a schedule, but

2For example, allowing one agent to be more patient than another has significant implications for
capital accumulation (Ramsey, 1928; Becker, 1980; Rader, 1981), bargaining (Rubinstein, 1982), reputa-
tion (Fudenberg and Levine, 1989), repeated games (Lehrer and Pauzner, 1999; Salonen and Vartiainen,
2008; Chen and Takahashi, 2012; Sugaya, 2015), preference aggregation toward a social discount factor
(Weitzman, 2001; Jackson and Yariv, 2015; Chambers and Echenique, 2018), and endogenous discounting
(Kochov and Song, 2023).



only in the novel procedure do they automatically skip certain time slots in earlier stages
to reserve them for later stages. The latter result is established using the TRIPARTITION
ALGORITHM, a novel alternative to the classic GREEDY ALGORITHM. For both proce-
dures, an agent ¢ is given a schedule S that he considers ‘very divisible’ and a target
value v € (0,u;(5)), and uses the procedure to output a schedule S* C S such that
(i) u;(S*) = v, and (ii) 7 considers S \ S* ‘somewhat divisible,” but only with the novel
procedure does consensus across all agents that S is ‘very divisible’ lead to consensus
across all agents that both S* and S\ S* are ‘somewhat divisible.” Ultimately, the TRI-
PARTITION ALGORITHM allows us to import the Aziz-MACKENZIE procedure for fairly
dividing a perfectly divisible cake (Aziz and Mackenzie, 2016) to our model.

Altogether, our main results formalize the statement that if all parties are sufficiently
patient, then fairness can be achieved without dividing goods into pieces, redistributing
money, or randomizing, simply by taking turns. In particular, this statement holds with
no further hypothesis for the weaker fairness notion of proportionality, and holds under
the additional hypothesis that all parties have weak preference for earlier time slots for
the stronger fairness notion of no-envy.

2 Model

This section is organized into two subsections. In Section 2.1, we introduce the formal
definitions that are used to state our main results, while in Section 2.2, we introduce
some additional concepts that prove useful for our analysis.

Before proceeding, we make three brief remarks about notation. First, we distinguish
the set of natural numbers N from the set of all time slots T" whenever the former serves a
distinct purpose in the analysis from the latter, even though these two sets are equivalent.
Second, we use i to index agents, t to index time slots,  to index earliness ranks, and ¢
to index period lengths; ranks and lengths are introduced in Section 2.2. Finally, we use
integer interval notation: for each pair a,b € Z, we let [a,b] denote {a,a+1,...,b}.

2.1 Concepts for stating our results

In our model, we consider economies where a countably infinite collection of time slots
is to be partitioned into schedules for the agents, and each agent has preferences over
schedules that may be represented by a countably additive probability measure.

DEFINITION: An economy is specified by a pair (n,u) with n € N as follows:

e N=1{1,2,...,n} is the set of agents;

T ={1,2,...} is the countably infinite collection of time slots;

o S =27 is the collection of schedules, which is each agent’s consumption space;

u = (u;);en is the profile of utility functions: for each i € N, uw; : S — [0,1] is a
countably additive probability measure® representing the preferences of 4; and

e II C SV is the collection of (partitional) allocations: for each m € SV, we have
7 € Il if and only if (i) for each pair i,j € N, m;Nm; = 0, and (ii) Ujenm; = T

3That is, we have (i) u;(T) = 1, and (ii) for each S € S, u;(S) = 3,05 us({t}).
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Whenever we refer to an arbitrary economy, we assume all of the above notation.

We are interested in the existence of allocations that satisfy the following normative
axioms, and in constructing these allocations whenever possible.

DEFINITION: Fix an economy and let 7 € II. We say that 7 satisfies
e proportionality if for each i € N, u;(m;) > %;
e no-envy if for each pair 4,5 € N, u;(m;) > u;(m;); and

e cfficiency if there is no 7’ € II such that
(i) for each i € N, w;(7}) > u;(m;), and

(ii) for some i € N, u;(w}) > u;(m;).

It is easy to verify that no-envy implies proportionality. Our results involve economies
where each agent is sufficiently patient given the number of agents, which we articulate
using a generalization of a condition due to Kakeya (Kakeya, 1914; Kakeya, 1915):

DEFINITION: Fix an economy and a utility function ug. For each k € [0, 00), we say that
Uo is

o k-Kakeya if for each t € T, we have uo({t + 1,t +2,...}) > k- uo({t}); and
e monotonic if ug({1}) > uo({2}) > ....

We let U, C [0,1]° and Uy C [0, 1] denote the sets of k-Kakeya and monotonic utility
functions, respectively.

Observe that an agent with a higher-level Kakeya utility function is, in a particular
sense, more patient.

2.2 Additional concepts for proving our results
To begin, we introduce some simple methods for constructing a sub-schedule from an

infinite source schedule.

DEFINITION: Let S € S be an infinite schedule, let » € N be a rank, and let £ € N be a
length. Then

e 7.(5) € S denotes the rth-earliest time slot in S, with singleton S, = {7.(5)};
e Sy C S denotes the tail of S starting at r, Uy>, Sy = {7.(S), 7,41(S5), ... }; and

® Sijey € S denotes the £-cycle of S starting at r constructed by beginning with an
empty basket, considering the time slots in S}, in sequence, and iteratively adding
one time slot and then skipping ¢ — 1 time slots.*

4To be precise using the language of modular arithmetic, if R = {1+k¢ | k € {0,1,...}} is the residue
class of 1 modulo ¢, then Sp,p) = {7/ (S[)) | ' € R}.



We discuss tails and cycles in sequence. First, a tail of a reference schedule S consists
of an initial time slot and all future ones in S. Our notion of patience involves tails of 7"
a utility function is k-Kakeya if for each r € N, the value of the tail of T" starting at r + 1
is at least k times the value of {r} = T, alone. We will more generally be interested in
other reference schedules with this property.

DEFINITION: Fix an economy. For each i € N, each k € {0,1,...}, and each S € S, we
say that S is k-divisible for i if for each t € S, we have u;({t' € S |t' > t}) > k- u;({t}).
Observe that for £ > 0, this is equivalent to the requirement that (i) S is infinite, and
(ii) for each r € N, we have u;(S}y41)) > k - u;(S,).

This terminology is justified by the fact that if a schedule S is 1-divisible for ¢, then for
each target value v € [0,;(5)], an adaptation of the well-known GREEDY ALGORITHM
for representing numbers in arbitrary bases (Rényi, 1957) can be used to cut and remove
a sub-schedule from S that is worth precisely v. More generally, if S is k-divisible for
k€ {1,2,...}, then the GREEDY ALGORITHM can successfully be used in this manner
k consecutive times.

DEFINITION: Greedy Algorithm. Fix an economy. For each i € N, each S € S, and each
v € [0,u;(S)], let G;(v|S) C S denote the greedy schedule (for agent i given source S and
target v) constructed by beginning with an empty basket, considering the time slots in S
in sequence, and adding each time slot to the basket if and only if the value of the basket
according to u; will not exceed v.

THEOREM MK (MACKENZIE AND KOMORNIK, 2023): Fix an economy. For eachi € N,
each k € N, each S € S that is k-divisible for i, and each v € [0, u;(S)], if S* = G;(v]S),
then

e u;(S*) =wv, and

e S\ S*is (k— 1)-divisible for i.

To summarize, tails are useful for articulating divisibility in a manner that allows an
individual agent to make precise cuts.

Cycles, in turn, are useful because agents with monotonic preferences agree about
how to rank cycles of a given length. Moreover, if agents with monotonic preferences
agree that a tail is ‘very’ divisible, then they also agree that any superset of a maximal
cycle with a ‘small’ length is ‘somewhat’ divisible. We formalize a slightly more general
statement.

DEFINITION: Let S € S be infinite and let S* C S. For each length ¢ € N, we say that S*
is (-dense in S if for rank r* € N defined by 7, (S) = min S*, there is ' € {0,1,...,0—1}
such that S* 2 Sp«4¢). Equivalently, the requirement is that S* contains a maximal
(-cycle in Sp-).

Observe that if S* is /-dense in S, then each tail of S* is /-dense in .S. Our first lemma
states that if agents with monotonic preferences agree that an infinite schedule is ‘very’
divisible, then given a ‘small’ length ¢, the agents also agree that any subset of S that is
(-dense in S is ‘somewhat’ divisible.



LEMMA 1: Fix an economy. For each i € N such that u; € Uy, each k € {0,1,...}, each
S € § that is k-divisible for 7, each ¢ € N such that ¢ < k + 1, and each S* C S that is
(-dense in S, we have that S* is [(3) - (k — (¢ — 1))]-divisible for 4.

The proof is in Appendix 1. See Figure 1 for intuition.

3 Results

Like the last section, this section is also organized into two subsections. In Section 3.1,
we show that there are proportional allocations if agents are sufficiently patient, while in
Section 3.2, we show that there are envy-free allocations if agents are sufficiently patient
and moreover have weak preference for earlier time slots.

3.1 Proportionality

We begin by investigating the existence of proportional allocations for economies where
the agents are sufficiently patient. In order to do so, we introduce ITERATIVE CYCLE
APPORTIONMENT, a procedure where iteratively the remaining agents construct and
assign a schedule.

This particular procedure belongs to a class of procedures that can each be described
as follows. There are n stages, and in a given stage o € [1,n — 1], N7 is the set of
remaining agents, T is the set of remaining time slots, and C? C T is the set of time
slots under consideration. The procedure works as follows:

e Stage o, o € [1,n—1]. The agents in N7 start with an empty basket and consider
the time slots in C' in sequence. At each time slot ¢, each remaining agent places
a flag in the basket if and only if he measures the value of the basket with t to
exceed % If there are no flags, then t is added to the basket and the remaining
agents move to the next time slot. If there is one flag, then ¢ is added to the basket,
the basket is assigned to the agent who placed the flag, the basket’s recipient exits
with the basket’s time slots, and we move to the next stage. If there are multiple
flags, then t is skipped and the remaining agents move to the next time slot. If all
time slots are considered and there is no time slot with one flag, then the basket
with its limit schedule—that is, the union of its schedules across all time periods—is
assigned to any agent whose utility for it is highest, the basket’s recipient exits with
the basket’s time slots, and we move to the next stage.

e Stage n. The remaining agent receives the remaining time slots.

As illustrated by the proof of Theorem 6 in Mackenzie and Komornik (2023), for each
stage 0 € [1,n — 1], if the remaining agents agree that (i) C” is worth at least @,
and (ii) C” is 1-divisible, then the basket’s recipient values the basket at least + while
the other remaining agents value the basket at most % This observation applies to all
procedures in this class.

These procedures differ in how they specify the set of time slots under consideration
at each stage before the last. The simplest approach is to specify that at each such stage,
all remaining time slots are under consideration, and doing so yields the ITERATIVE
APPORTIONMENT procedure of Mackenzie and Komornik (2023). The trouble with this
particular procedure is that after the first stage, the remaining agents may not agree that
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(a) Read the bottom caption first. To begin, we partition {t € S | ¢ > t} into three 3-cycles,
which we illustrate visually using three rows.

(b) Since S is 8-divisible, necessarily the union of the two boxes is worth at least 8u;({t}).
Moreover, since ¢ has monotonic preferences, the union of the larger box to the right is worth
at least 6u;({t}).

(c) Since ¢ has monotonic preferences, the top row within the larger box is worth at least

2u; ({t}).

(d) Since ¢ has monotonic preferences, each box is worth at least 2u;({t}). Because S* is 3-
dense in S, it contains one of these boxes. Since t € S* was arbitrary, thus S* is 2-divisible, as
desired.

Figure 1: Intuition for Lemma 1. Fix an agent ¢ with monotonic preferences, suppose
that S is 8-divisible, and suppose that S* is 3-dense in S. The lemma states that S* is
2-divisible. To see this, take an arbitrary time slot t € S*. In each subfigure, we show
the time slots {t' € S | ¢’ > t} as shaded squares, with earlier time slots to the left. From
here, follow the subcaptions.



what remains is 1-divisible, in which case we cannot apply the observation from the last
paragraph. Remarkably, this procedure nevertheless works in the special case that there
are three agents who each have 2-Kakeya preferences, but unfortunately the proof does
not generalize.

In order to guarantee that in later stages there will be consensus that the set of
time slots under consideration is 1-divisible, we modify ITERATIVE APPORTIONMENT
by automatically skipping time slots to reserve them for later consideration, and doing
so in a manner that still ensures there is enough value among the time slots currently
under consideration. In particular, (i) in the first stage, only time slots from the top
(n — 1)-cycle (given T') are considered, (ii) in the second stage, only time slots from the
top two (n—1)-cycles (given T') are considered, and (iii) in general, for each o € [[1,n—1]
we define C7 = T7 N [Upr<oTjorjn—1)]. We refer to this procedure as ITERATIVE CYCLE
APPORTIONMENT. See Figure 2 for an example.

In order to guarantee ITERATIVE CYCLE APPORTIONMENT constructs a proportional
allocation, we require that (i) each agent deems each (n — 1)-cycle to be 1-divisible, and
(ii) each agent has monotonic preferences. Moreover, if an economy satisfies only the first
requirement, then we can still construct a proportional allocation by applying ITERATIVE
CYCLE APPORTIONMENT to an associated economy with monotonic preferences and then
modifying the resulting allocation.

DEFINITION: Fix an economy and a utility function ug. The monotonic reordering of ug
is the monotonic utility function u)! € Uy formed by arranging the values of ug in
non-increasing order. Formally, we have (i) ud'({1}) > wd!({2}) > ..., and (ii) for
each v € (0,1], {t € T | wo({t}) = v} = |{t € T | ud'({t}) = v}|. We refer to

(n,uM) = (n, (uM);en) as the monotonic economy induced by (n,u).
First, we show that patience is preserved under monotonic reordering.
LEMMA 2: For each k € [0,00) and each ug € Uy, ud' € Uy, N Uy

The proof is in Appendix 2. Second, we show that a proportional allocation 7™ for
the economy with reordered utility functions can be used to construct a proportional
allocation 7 for the original economy. In particular, in the original economy, we consider
the time slots in sequence, and at each time slot ¢t we ask the recipient of ¢ according
to ™ to select his favorite of the remaining time slots; we then assign any time slots that
are not selected to the first agent. Since each agent’s utility for 7 in the original economy
is at least as high as his utility for 7™ in the economy with reordered utility functions, 7
is proportional.

LEMMA 3: For each economy (n,u), if (n,u™)
does as well.

has a proportional allocation, then (n,u)

The proof is in Appendix 2. Using (i) the preceding two lemmas, (ii) the implication of
Lemma 1 that each agent with (2n —3)-Kakeya preferences deems each (n—1)-cycle to be
1-divisible, and (iii) an argument establishing that ITERATIVE CYCLE APPORTIONMENT
constructs a proportional allocation under the claimed requirements, we establish our first
main result.



0.139 0.080 0.047 0.027

0.116 0.067 0.039 0.022

(a) In the first stage, the agents construct and assign a schedule that contains {1, 7}.

0.116 0.067 0.039 0.022

(b) In the second stage, the agents construct and assign a schedule that contains {2,4}.

0.032

(c) In the third stage, the agents construct and assign a schedule that contains {3, 5, 8}.

0.032

0.027

(d) In the final stage, the remaining time slots are assigned to the remaining agent.

Figure 2: FExample of Iterative Cycle Apportionment. In this example there are four
agents, each with 5-Kakeya preferences. The time slots {1,2,...} are illustrated as
squares, with earlier time slots to the left, and they are partitioned into three 3-cycles.
Each agent has a geometric utility function with a discount factor that is at least % and
extremely close to %: for each time slot in the figure and each agent, the number on
the time slot’s square is the value that the agent assigns to it, rounded to the nearest
thousandth. The only purpose of our assumption that the discount factors are extremely
close to each other is the simplification of the figure, as it allows us to write one rounded
number on each square that is used by all agents, but in general the procedure only
requires the agents to be sufficiently patient. At each stage, previously considered time
slots are above the dotted line, currently considered time slots are above the solid line,
blank squares are removed in earlier stages, white squares with numbers are removed in

the current stage, and shaded squares remain after the current stage.

10



THEOREM 1: Fix an economy with at least two agents. If for each « € N we have
u; € Us,_3, then there is a proportional allocation.

The proof is in Appendix 2. By Observation 1 of Mackenzie and Komornik (2023), if
there is a proportional allocation, then there is a proportional allocation that is efficient;
we thus immediately have the following.

COROLLARY 1: Fix an economy with at least two agents. If for each ¢ € N we have
u; € Us,_3, then there is a proportional allocation that is efficient.

3.2 No envy

Unfortunately, ITERATIVE CYCLE APPORTIONMENT need not construct an envy-free
allocation: an agent who receives his schedule in an earlier stage may envy an agent
who receives his schedule in a later stage. In order to guarantee that there is an envy-
free allocation, we require the agents to be so patient that they can construct such an
allocation using a procedure for fair division of a perfectly divisible cake.

In particular, we import the Aziz-MACKENZIE procedure for perfectly divisible cakes
(Aziz and Mackenzie, 2016) to our setting. This belongs to the family of Robertson-
Webb procedures (Robertson and Webb, 1998) in the sense that it fairly divides the unit
interval using only EVALUATE and CUT queries, where (i) in an EVALUATE query, an
agent 7 is given a sub-interval [z, y] C [0, 1] and asked to evaluate its worth according to
u;, and (ii) in a CUT query, an agent ¢ is given a point x € [0, 1] and a value v € [0, 1],
then asked to cut at a point y € [z, 1] such that u;([z,y]) = v (if possible).

Fortunately, the Az1z-MACKENZIE procedure does not rely crucially on the structure
of the unit interval, and can be described in a more general manner that covers our setting
using abstract EVALUATE and CUT queries as follows: begin with the coarsest partition
of the cake, and at each step either (i) give an agent i a member of the current partition,
then ask him to evaluate its worth according to w;; or (ii) give an agent i a member S
of the current partition and a target value v € [0, 1], then ask i to cut S* C S such that
u;(S*) = v (if possible), and finally update the partition by replacing S with S* and
S\ S* (if the cut was successful).

The challenge for importing such a procedure for perfectly divisible cakes to our
setting is that for perfectly divisible cakes, any requested cut of a set S is successful so
long as the target value belongs to [0, u;(S)], but in our setting that need not be the case.
Moreover, even if 7 is given a set S that he deems k-divisible for £ > 1, the GREEDY
ALGORITHM does not suffice for our purposes: though 7 can cut a set S* that is worth
the target value while guaranteeing that he deems S\ S* to be (k — 1)-divisible, there
is no guarantee that another agent deems S\ S* to be divisible at all, and there is no
guarantee that any agent deems S* to be divisible at all.

To solve this problem, we introduce an alternative to the GREEDY ALGORITHM.
Loosely, when cutting S* from S, the GREEDY ALGORITHM can be used as long as
S is 1-divisible, and involves (i) a small cost on the divisibility of S\ S* (relative to
the divisibility of S) for the cutter, (ii) an unbounded cost on the divisibility of S\ S*
for other agents, and (iii) an unbounded cost on the divisibility of S* for everybody.
Our alternative, which we refer to as the TRIPARTITION ALGORITHM, requires S to be
5-divisible, and involves (i) a large but bounded cost on the divisibility of S\ S* for
everybody, and (ii) a large but bounded cost on the divisibility of S* for everybody. We
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give the formal definition below; see Figure 3 for an example.

DEFINITION: Tripartition Algorithm. Fix an economy. For each i € N, each infinite
S € S, and each v € (0,u;(5)), let T;(v]S) C S denote the tripartition schedule (for agent i
given source S and target v) constructed in two cases as follows. First, if v < (3) - w;(5),
then do the following.

e Define 7 = min{r’ € N | (3) - u;(Spy) < v}. Observe that this is well-defined
because v > 0 and ;(S5) < 1.

e Define S5 = S}, 3), S™P = )1 153), and S = S|, 53). Observe that these three
schedules partition Si.

e Define T;(v|S) = S' U G;(v — u(S2ke)|S%om).
Second, if v > (3) - u;(S), then define 7;(v]S) = S\ [T;(u:(S) — v]9)].

PROPOSITION 1: Fix an economy. For each pair ¢, 7 € N such that u; € Uy and u; € Uy,
each k € [5,00), each S € S that is k-divisible for both ¢ and j, and each v € (0, u;(S5)),
if S* = T;(v|S), then

o u;(S*) =,
e S5*is [(5) - (k — 2)]-divisible for both i and j, and
e S\ S*is [(3) - (k — 2)]-divisible for both ¢ and j.

The proof is in Appendix 3. Because there is an upper bound on the number of
queries required by the Aziz-MACKENZIE procedure (Aziz and Mackenzie, 2016), and
thus an upper bound on the number of cuts that it requires, it follows that if the agents
are sufficiently patient, then we can construct an envy-free procedure by importing the
A71Z-MACKENZIE procedure to our setting, making each cut before the final step with
the TRIPARTITION ALGORITHM and using the GREEDY ALGORITHM for the final step.
Indeed, if the agents are sufficiently patient, then even if the upper bound is reached
exclusively through cuts, we will have that (i) before each step of the procedure except
possibly the final one, the agents agree that each member of the partition is at least
5-divisible, and (ii) before the final step of the procedure, the agents agree that each
member of the partition is 1-divisible.

DEFINITION: Patience bounds. Define the divisibility requirement for one cut by d(1) = 1,
and for each number of cuts ¢ € N such that ¢ > 1, define the associated divisibility
requirement by d(c¢) = 3 -d(c — 1) + 2. Finally, for each n € N, define the associated
patience requirement for using the Aziz-MACKENZIE procedure by

nh

p(n)=d (n”nn ),

where the argument of d is the upper bound on the number of cuts used by the Aziz-
MACKENZIE procedure.

THEOREM 2: Fix an economy. If for each ¢« € N we have u; € Upyn) N Uy, then there is
an envy-free allocation.
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0.167 0.096 0.056 0.032 <o+ | sort

0.139 0.080 0.047 0.027 --- | skip

0.116 0.067 0.039 0.022| --- | take

Figure 3: FEzample of Tripartition Algorithm. In this example, agent ¢ has 5-Kakeya
preferences. The time slots {1,2,...} are illustrated as squares, with earlier time slots
to the left, and they are partitioned into three 3-cycles. Agent ¢ has a geometric utility
function with discount factor %: for each time slot in the figure, the number on the
time slot’s square is the value that 7 assigns to it, rounded to the nearest thousandth.
The figure shows how ¢ constructs a schedule worth 0.22 from the set of all time slots
using the TRIPARTITION ALGORITHM. In particular, the procedure calculates the rank
r = 4, then uses that rank to partition the time slots {4, 5, ...} into the schedules S,
SskiP - and S*ake: these are the top box, the middle box, and the bottom box, respectively.
To complete the procedure, agent i takes all of S*¢ then takes the remaining value
he requires from S using the GREEDY ALGORITHM while leaving all of SKiP; white

squares are removed while shaded squares remain.

The proof is in Appendix 3.

4 Discussion

We have shown that (i) if agents are sufficiently patient, then there are proportional
allocations, and (ii) if agents are sufficiently patient and moreover have weak preference
for earlier time slots, then there are envy-free allocations.

In order to establish the former result, we showed that whenever agents have (2n — 3)-
Kakeya preferences, we can map the given economy to an associated economy with mono-
tonic preferences and run ITERATIVE CYCLE APPORTIONMENT, then use this allocation
to determine the order in which agents select objects in the original economy. We remark
that this argument works whenever the agents agree that each (n — 1)-cycle is 1-divisible,
and that more elaborate arguments could improve our bound on the sufficient level of
patience for this argument to go through, but we have chosen to omit such arguments
as they would have little impact on our main message. Indeed, this argument cannot
establish the conjecture of Mackenzie and Komornik (2023) that there are proportional
allocations whenever agents have (n — 1)-Kakeya preferences, and there is no particular
reason to believe that this argument establishes the tightest possible bound. That said, it
does suffice to establish that a bound on the level of patience that is linear in the number
of agents guarantees that there are proportional allocations, and moreover this bound is
tight when n = 2.

In order to establish the latter result, we introduced the TRIPARTITION ALGORITHM
that allows an agent to divide a set that everybody deems divisible into two sets such
that (i) he deems one of them to be worth a target value, and (ii) everybody agrees
that both sets retain some divisibility. Because the AZzZ1z-MACKENZIE procedure has
an upper bound on the total number of queries it requires (Aziz and Mackenzie, 2016)
and thus on the total number of cuts that it requires, we can import it to our setting
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using the TRIPARTITION ALGORITHM to make cuts, provided the agents are sufficiently
patient and have weak preference for earlier time slots. In fact, the same logic applies
to other bounded procedures for perfectly divisible cakes that can be described using the
abstract EVALUATE and CUT queries defined in Section 3.3. Unfortunately, however, this
argument has its limitations: in order to use the TRIPARTITION ALGORITHM to import
any procedure that ultimately constructs an allocation by making at least n — 1 cuts, we
require a level of patience that is at least exponential in the number of agents.’

We conclude by highlighting two open questions. First, are there envy-free allocations
whenever agents are sufficiently patient, even if they might sometimes prefer a later time
slot to an earlier one? Second, are there envy-free allocations that are moreover efficient
whenever agents are sufficiently patient?

Appendix 1

In this appendix, we prove Lemma 1.

LEMMA 1 (RESTATED): Fix an economy. For each i € N such that w; € Uy, each
ke€{0,1,...}, each S € S that is k-divisible for i, each ¢ € N such that ¢ < k + 1, and
ecach S* C S that is (-dense in S, we have that S* is [(§) - (k — (¢ — 1))]-divisible for .

PROOF: Assume the hypotheses. If £ = 0, then we are done; thus let us assume k& > 0,
so S is infinite. Let r* € N be an arbitrary rank for use in S*, and let r € N be the
associated rank for use in S defined by S, = SJ.. Since 5* is {-dense in S, thus Sj. ) is
as well. To proceed, we establish four inequalities.

e First, since (i) by the ¢-density of S (1) I S, the earliness-preserving bijection from
S[*r*+1) to Spr+e1) maps each time slot to one that is at least as late, and (ii) u; € U,

thus ui(S[t”*+1)) > ui(S[r+€|€))'

e Second, since (i) Spy) is partitioned into ¢ cycles of length ¢, of which Sy, ) has
the earliest starting time slot, (ii) for each pair ro,r; € N such that ro < ry, the
earliness-preserving bijection from Sj. ¢ to Sp. ) maps each time slot to a later

one, and (iii) u; € UM, thus ui(S[r+e|£)) Z (%) -ui(S[Hg)).

e Third, since (i) Syye) = Spa1) \ {r + ' }vepie—17, and (ii) u; € Ung, thus u;(Sp4e)) >
ui(Spr41)) — (0= 1) - ui(Sy) = ui(Sp1y) — (6= 1) - ui(S7%).

e Finally, since S is k-divisible for i, thus u;(Sp41)) > k- 4;(S;) = k- u;(S)5).

By the above inequalities, u;(S}.,,)) > [(3) - (k= (£ —1))] - u;(Sy). Since r* € N was

arbitrary, thus S* is [(3) - (k — (¢ — 1))]-divisible for 4, as desired.

We remark that there is a lower bound on the total number of queries required to construct an
envy-free allocation (Procaccia, 2009), but because this does not yield a lower bound on the number of
cuts, we cannot use it to draw stronger conclusions about the limitations of our argument for no-envy.
That said, bounds on the number of required cuts have been previously investigated in the context of
proportionality (Even and Paz, 1984; Edmonds and Pruhs, 2006), and analogous future work for no-envy
could indeed provide further insight about this.
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Appendix 2

In this appendix, we prove Lemma 2, Lemma 3, and Theorem 1. We begin with Lemma 2.
LEMMA 2 (RESTATED): For each k € [0, 00) and each ug € Uy, ud' € Uy N U

PROOF: By construction, we have ud' € Uy. We claim that u)! € Uy. If k = 0, then we
are done; thus let us assume k£ > 0.

Let t € T. Since uy € U and k > 0, thus ug assigns positive value to an infinite
collection of time slots, so by construction of u)! we have that u)'({t}) > 0. Define
t* = max{t' € T | wo({t'}) > w)'({t})}; this is well-defined as Y, uo({t'}) = 1.
It follows that (i) by definition of #* and construction of ud!, ul'({t + 1,¢t +2,...}) >
uo({t* + 1,t* +2,...}); (ii) since ug € Uy, we have ug({t* + 1,t* +2,...}) > k- uo({t*});
and (iii) by definition of t*, we have uo({t*}) > ud'({t}); thus altogether we have that
u'({t+1,t+2,...}) > k-ud'({t}). Since t € T was arbitrary, we are done. B

Next, we prove Lemma 3.

LEMMA 3 (RESTATED): For each economy (n,u), if (n, u™) has a proportional allocation,
then (n,u) does as well.
PROOF: Let (n,u) be an economy and assume that 7™ € II is proportional for (n,uM).
We construct w € II as follows. First, for each t € T', let i; denote the agent who receives ¢
according to 7. Second, we proceed through the time slots in sequence, and at each
time slot ¢, agent i, consumes the remaining time slot f(¢) that (i) is at least as valuable
as all other remaining time slots according to wu;, and (ii) is earliest among such time
slots. Finally, agent 1 consumes any remaining time slots.

We claim that 7 is proportional for (n,u). Indeed, let i € N, let t € 7, and let

[

T* C T be aset of t — 1 time slots to which wu; assigns the highest value. Then

ui({f(D)}) = max ui(t")

e\ ()| E[Lt—1]}

> max u;(t)
¢ ET\T*

= ;" ({t}).

M (M

Since t € m' was arbitrary, thus u;(m;) > uM(7M) > L. Since i € N was arbitrary, we

are done.
To conclude this appendix, we prove Theorem 1.

THEOREM 1 (RESTATED): Fix an economy with at least two agents. If for each i € N
we have u; € Us,_3, then there is a proportional allocation.

PRrROOF: Assume the hypotheses. By Lemma 2, for each 1 € N we have ui\/[ € U3 NUN,
and thus uM assigns a positive utility to each time slot.

We claim that (n,u™) has a proportional allocation. Indeed, we construct the desired
allocation using ITERATIVE CYCLE APPORTIONMENT, which consists of n stages indexed
by [1,n]. In each stage o € [1,n — 1], the n — (¢ — 1) remaining agents consider the
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remaining time slots in the top o (n — 1)-cycles in order to fill a basket and assign its
contents S? to an agent . In the final stage, the remaining time slots are assigned to
the remaining agent.

For each stage o € [1,n — 1], let (i) N° = N\ {i® € N | ¢’ < ¢} denote the set of
remaining agents at the start of stage o, (ii) 77 = T\ [Uy <+ S?] denote the remaining
time slots at the beginning of stage o, and (ii) C7 = T° N [Uy<sTjo/jn—1)] denote the
time slots under consideration during stage o. Before providing further details about the
construction of (S7)secp1,n—1], we make two observations.

First, we observe that for each stage o € [1,n — 1] and each i € N, C is 1-divisible
for 7. Indeed, since uM € Uy, 3, thus T is (2n — 3)-divisible for i. Moreover, since
Tisjn—1y € C7 and o € [1,n — 1], thus C° is (n — 1)-dense in 7. Finally, u} € U
Altogether, then, by Lemma 1 we have that C° is [(-17) - ((2n — 3) — (n — 2))]-divisible
for 4, as desired.

Second, we observe that for each stage ¢ € [1,n — 1] and each i € N, we have
u}?(C“) > (5=p=p) - w' (7). Indeed, define C* = Uyrefo,n—1)Ljorjn—1). Since u' € Uy,
thus

w'(C7) = (T7\ C) + " (Tigp-1)

> u)(T7\ CF) + < uM(C)

n—((17—1)> ’

— (T %) + ( ) M1 O

n—(oc—1)

) i) CLR)

> (ﬁ) - (T7),

as desired. To ease verification, we highlight that the five lines above use (i) the definition
of C7, (ii) the fact that uM € Uy, (iii) the fact that C* C T, (iv) simple re-writing, and
(v) the fact that u} (77 \ C*) + «M(T° N C*) = uM(T7), respectively.

We now describe how baskets are filled and assigned. In each stage o € [1,n— 1], the
n— (0 —1) remaining agents consider the members of C7 in sequence. At each time slot ¢,
each agent places a flag in the basket if and only if he measures the value of the basket
with ¢ to exceed % If there are no flags, then ¢ is added to the basket and the remaining
agents move to the next time slot. If there is one flag, then let ¢” be the agent who placed
the flag, let S? denote the contents of the basket with ¢, and assign S to ¢7; in this
case the stage ends and we move to the next stage. If there are multiple flags, then ¢ is
skipped and the agents move to the next time slot. If all time slots are considered and
there is no time slot with one flag, then let S denote the basket’s limit schedule (that
is, the union of its schedules across all time periods), let i be any agent whose utility
for S is highest, and assign S to i°.

We claim that for each o € [1,n — 1], (i) u}4(S7) > %, and (ii) i € N7\ {7}
implies u}(57) < % We proceed by induction, handling the base step and inductive step
together. Indeed, assume that for each ¢/ < o we have both statements. By construction,
we have the second statement for o. If there is a time slot with one flag, then we are
done; thus let us assume there is no such time slot. By the inductive hypothesis, for each
i € N° we have u}(T7) > #, so by the second observation we have u}'(C?) > L. If
each time slot has no flag, then we are done; thus let us assume there is a time slot with
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multiple flags. By the first observation, for each i € N? we have that C' is 1-divisible
for ¢; it is straightforward to verify that this implies there cannot be a maximum time
slot with multiple flags. Then there is ¢ € N who places an infinite collection of flags.
Since limy oo ul ({t}) = 0, thus «}'(S7) > £, so u7(S7) > L, as desired. For further
details about the argument we omit as straightforward, see the analogous argument in
the proof of Theorem 6 in Mackenzie and Komornik (2023).

By the above claim, ITERATIVE CYCLE APPORTIONMENT constructs a proportional
allocation for (n,uM), so by Lemma 3 we have that (n,u) has a proportional allocation,
as desired.

Appendix 3

In this appendix, we prove Proposition 1 and Theorem 2. We begin with Proposition 1.

PROPOSITION 1 (RESTATED): Fix an economy. For each pair ¢, j € N such that u; € Uy
and u; € Uy, each k € [5,00), each S € S that is k-divisible for both ¢ and j, and each
v € (0,u;(9)), if S* = T;(v|S), then

o u;(S*) =,
e S5*is [(5) - (k — 2)]-divisible for both i and j, and
e S\ S*is[(3) - (k — 2)]-divisible for both i and j.

PROOF: Assume the hypotheses. If we establish that v < (1) - u;(S) implies the desired
conclusion, then by construction we are done; thus let us assume v < (1) - u;(S). Define
r, St S and S*%¢ as in the construction of T;(v[S) = S*; thus (5) - u;(S) < v

First, we claim that u;(S*P) < (3) - w;(Spy). Indeed, since Spiqp3 = S™P and
u; € Unt, thus w;(Spy) > wi(Sps)) + wi(S¥P) and w;(Sy3)) > w;(S™P). Altogether, then,

u; (S™P) < (1) - w;(S}y), as desired.

Second, we claim that v < (3) - u;(Spy). Indeed, if r = 1, then Sj) = S and we are
done; thus let us assume r > 1. Since S is 5-divisible for ¢ we have u;(S})) > 5-u;(Sy—1),
and by construction of  we have (3) - u;(Sy—_1)) > v, so altogether we have

(3) w500~ (3) (8 ) s

r 1 +uz(S[r)

)
SORGEE
()

>,

Uj S[r 1

as desired.

Third, we claim that u;(Stk) < (%) - u;(Spy). Indeed, since Sjioj3) = Stake and u,; €
Ui, thus ui(S[T)) = ui(SMg)) +Ui(S[r+1‘3)) —l—ui(Stake), Ui(SMg)) > Stake “and Ui(S[r+1‘3)) >
Stake - Altogether, then, u;(S™*¢) < () - u;(Sp)), as desired.

Fourth, we claim that S is 1-divisible for 7. Indeed, since (i) S is 5-divisible for i,
and (ii) SSOrt is 3-dense in S, thus by Lemma 1 we have that S%™ is [(3) - (5 —2)]-divisible
for 7, as desired.
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To conclude, by the first two claims we have u; (5% ) 4u; (™€) = u;(S})) —u; (S¥P) >
(3) - uwi(Spy) > v, 50 u;(S*") > v — u;(S5**°). Moreover, by construction of r and the
third claim we have v — u;(S*) > (1) - u;(Sp)) — (3) - wi(Sp) = 0, so altogether we
have v — u;(S*) € [0, u;(S*°)]. Finally, by the fourth claim, S*°* is 1-divisible for i.
Altogether, then, by Theorem MK we have that u;(G;(v — u;(S%k)[S5r)) = ¢ — y; (Stake),
so u;(S*) = v. Finally, (i) u; € Uy and u; € Ung; (ii) S is k-divisible for both ¢ and j; and
(iii) since S[T+2|3) C §* C S[r) and (S\S[r))us[r+l|3) - S\S*, thus S* and S\S* are both
3-dense in S; thus by Lemma 1, we have that S* and S\ S* are both [(3) - (k — (3 —1))]-
divisible for both i and j, as desired. B

To conclude this appendix, we prove Theorem 2.

THEOREM 2 (RESTATED): Fix an economy. If for each i € N we have u; € Uyny N U,
then there is an envy-free allocation.

PROOF: Assume the hypotheses. By Proposition 1, for each ¢ € N, if (i) we begin from the
coarsest partition of T and iteratively apply the TRIPARTITION ALGORITHM to members
of the current partition ¢ —1 times; and (ii) for each i € IV, we have u; € Ug() Nlr; then
(i) before each step of the procedure, the agents agree that each member of the current
partition is 5-divisible, and (ii) when the procedure is complete, the agents agree that
each member of the current partition is 1-divisible. Since the upper bound on the total
number of queries for the Az1z-MACKENZIE procedure (Aziz and Mackenzie, 2016) is also
an upper bound on the total number of cuts for this procedure, it follows from this bound
and the definition of p(n) that if we run the Az1z-MACKENZIE procedure in our setting
by using the TRIPARTITION ALGORITHM at every step except the final one and using the
GREEDY ALGORITHM at the final step, then (i) before each step of the procedure, the
agents agree that each member of the current partition is 5-divisible, and (ii) before the
final step of the procedure, the agents agree that each member of the current partition is
1-divisible. By Proposition 1 and Theorem MK, each cut in the procedure successfully
constructs a set with the given target value; thus the procedure in our setting successfully
constructs an envy-free allocation as in the perfectly divisible cake setting, as desired. B
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